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Foreword 


When thinking of quadratic Diophantine equations, a flow of associations come to 
one's mind. Gauss's quadratic forms and their relation to class groups, fundamental 
units of real quadratic fields and Pell's equation, representations of integers as 
sums of two or four squares, or the apparently innocent equation p = x? + ny? 
and its relation to norm forms of imaginary quadratic fields and Kronecker's 
Jugendtraum—all these range from relatively simple subjects for introductory 
courses to elegant and involved topics of classical mathematics. But then one 
can go on: representation of integers by ternary quadratic forms, the equation 
p = x? — ny? and the Manin's mid-life dream, so one suddenly lands in the midst 
of highly interesting contemporary research topics in number theory. No, quadratic 
Diophantine equations must not be dull! 

So, how much of it can be communicated to a large public without assuming 
involved prerequisites of algebra and number theory? This imposes some additional 
restrictions which make it unadvisable to approach topics beyond the general 
context of real quadratic fields and continuous fractions. The present book will 
succeed to convince the reader of the richness of topics that are available within this 
strict setting, as well as providing a fascinating and surprising list of applications of 
quadratic equations. 

Already the first chapter offers a list of interesting and less well-known appli- 
cations and connections of quadratic equations to various topics from, in part, 
unexpected areas of mathematics such as Hecke operators and Hecke groups, 
Einstein manifolds and geodesics, or projective geometry. The second and third 
chapters cover the basic knowledge on continued fractions, real quadratic fields, and 
Pell’s equation; but they also offer the familiarized reader some interesting surprises 
of the kind that make this book attractive. For instance, the treatment of some special 
cases of the binary Thue equation ax? — by? = 1 and an investigation of the quadratic 
fields with units of negative norm, due to Stevenhagen. 

On base of these prerequisites, the following chapters become more specialized: 
they cover a large variety of variants and equations reducible by not-so-obvious 
tricks to the Pell equation. Among them, a rich collection of representation problems 
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of the kind x? — ny? — N, of representations which we mentioned being related to 
the real variant of Kronecker's Jugendtraum, but which can in these cases be solved 
by elementary methods. 

We let the reader discover the unexpected applications and connections between 
Pell’s equations and so many, surprising, problems, and decide which he or she finds 
most interesting and appealing. The book generously offers for all tastes. 


Mathematisches Institut der Universitat Góttingen Preda Miháilescu 
Góttingen, Germany 


Preface 


Even though this domain seems to be classic, because of the last two decades 
of remarkable progress in computational technique, many open problems in Dio- 
phantine Analysis made a vigorous comeback with the hope that this increased 
power in computation will shade new light on them. The distinctive dynamic of 
Diophantine Analysis is expressively reflected in the well-known review journals: 
“Mathematical Reviews" (USA) and “Zentralblatt für Matematik” (now zZbMATH) 
(Germany), the following AMS Subject Classification 2000 being designated to 
it: 11Dxx (Diophantine equations), 11D09 (Quadratic bilinear equations), 11A55 
(Continued fractions), 11J70 (Continued fractions and generalizations), 11Y65 
(Continued fraction), 11B37 (Recurrences), 11B39 (Fibonacci and Lucas numbers 
and polynomials and generalizations), 11R27 (Units and factorization). While in 
1912 a first monograph [224] dedicated to this subject synthesized the important 
results known by then, a variety of papers and doctoral theses in Diophantine Analy- 
sis followed. Some of them are very recent, and we mention here just the monograph 
[32], published in 2003 and the syntheses [111] and [226], published in 2002. 

The volume has seven chapters and moves gradually from the history and 
motivation of quadratic Diophantine equations to more complicated equations and 
their applications. The accessibility has also been taken into account, in the sense 
that some material could be understood even by nonspecialists in the field. In many 
sections the history of the advances and the problems that still remain open are also 
given, together with comments. Throughout this work, complete proofs are given 
and the sign LJ denotes the end of a proof. 

Chapter 1, entitled “Why Quadratic Diophantine Equations?,’ describes the 
motivation of studying quadratic Diophantine equations. It contains ten short 
sections, each of them illustrating an important problem whose solution reduces 
to solving such an equation. Section 1.1 introduces the famous theorem of A. Thue 
[62] that reduces a Diophantine equation of the form F(x,y) — m to a quadratic 
one, pointing out the importance of the quadratic case. Section 1.2 reviews Hilbert's 
tenth problem, which asks, in essence, for a finite algorithm to solve a general 
multivariable Diophantine equation. The proof of the impossibility of determining 
such an algorithm was found by Yu. Matiyasevich, who used the results of M. 
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Davis, H. Putnam, and J. Robinson. A crucial point in Matiyasevich's proof is 
the consideration of the solutions to the equations x? — (a? — 1)y? = 1, where 
a > 2. Section 1.3 presents the connection between Euler concordant forms and 
elliptic curves, the determination of the ranks of Mordell-Weil groups, and Frey 
curves, problems that lead to studying the solutions to two simultaneous Pell's 
equations. Section 1.4 makes the connection with the spectrum of the Laplace- 
Bertrami operator whose spectrum description involves solving a general Pell’s type 
equation. In Section 1.5, a quadrature formula in the s-dimensional unit cube is 
considered, where the determination of parameters that minimize the remainder also 
reduces to solving some special Pell's type equations. The last five sections of this 
chapter briefly review: reduction algorithms of “threshold” phenomena in arbitrary 
lattices, the study of Einstein type Riemann metrics on homogeneous manifolds 
generated by the action of a semisimple Lie group, the problem of counting the 
number of autointersection points of the geodesics closed in the modular group 
SL(2,Z), Hecke groups and their connection with continued fractions, as well 
as (m,n) type sets in the projective plane, all of these representing examples of 
problems from various areas of mathematics, whose solutions require solving Pell’s 
type equations. Clearly, the list of such problems can be continued. 

Chapter 2, “Continued Fractions, Diophantine Approximation and Quadratic 
Rings,” presents two basic instruments of investigation in Diophantine Analysis. 
The theory of continued fractions plays an important part in pure Mathematics and 
has multiple applications. The main results of this theory, which are necessary in 
developing efficient algorithms in Diophantine Analysis, are given in Section 2.1. 
Among the references used, we mention here: (1, 46, 141, 159, 164, 183, 208]. 
The following aspects are introduced: the Euclid algorithm and its connection with 
continued fractions, the problem of uniqueness of a continued fraction developing, 
infinite continued fractions and their connection with irrational numbers, the 
approximation of irrational numbers by continued fractions, the problem of the best 
approximation and Hurwitz's Theorem, periodic continued fractions. The second 
important tool in studying problems in Diophantine Analysis is the theory of 
quadratic rings. The fundamental concepts, the units and norms defined in a natural 
way in this context are featured in Section 2.2. From the rich bibliography devoted 
to this subject, we mention [95, 171, 198]. 

Chapter 3, “Pell’s Equation,” is divided into six sections. The first is a compre- 
hensive historical introduction to Pell's equation. Section 3.2 considers the problem 
of finding the general solution to Pell's equation by using elementary methods. 
The proof of the main theorem is based on our papers [13-15]. The main forms 
of writing the general solution are given: by recursive sequences, in matrix form, 
explicitly, etc. In Section 3.3, the general solution to Pell's equation is obtained 
by using the method of continued fractions. In Section 3.4, following the papers 
[171] and [95], the same problem is solved by using the theory of quadratic fields. 
Section 3.5 contains original contributions to the study of the more general equation 
ax? — by? — 1. Theorem 3.5.2 shows how one can determine the general solution 
to this equation, in case of solvability. The proof is the one given in our papers 
[13-15]. We note the fact that from our explicit form we found for the general 
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solution to this equation (Remark 2) one gets immediately the result in [219], which 
is obtained there by a very complicated and unnatural method. The last section is 
dedicated to the negative Pell's equation x? — Dy? — —1. It is studied as a special 
case of the equation in the previous section and the central result concerning it 
is contained in Theorem 3.6.1. The formulas (3.6.3) and (3.6.4) give the general 
solution explicitly. The presentation follows again our papers [13-15]. Using now 
our paper [18], in Theorem 3.6.4 it is given a family of negative Pell’s equations, 
solvable only for a single value of the positive integral parameter k. The section 
ends with the presentation of the current stage of the problem of solvability of the 
negative Pell's equation, an open problem that is far from being settled, and one of 
the most difficult in Diophantine analysis. In this respect, partial results, as well as 
recent conjectures, are mentioned. 

The main goal of Chapter 4, “General Pell's Equation,” is to present the 
general theory and major algorithms regarding the equation x? — Dy? — N. This 
chapter contains nine sections. In Section 4.1, the theory is exposed in a personal 
manner; the classes of solutions are defined, and Theorems 4.1.1, 4.1.2, and 4.1.3 
give classical bounds for the fundamental solutions. These bounds were recently 
improved in [76] (L. Panaitopol, personal communication, December 2001). The 
section ends with our results concerning a problem proposed in [37], problem 
that we solve completely (see [16]). In addition, we present a final description 
of the set of all rational solutions to the Pell's equation, from which one can see 
clearly the complexity of the problem of determining this set explicitly. Also, 
an interesting result proved in [72] about the solvability of some general Pell's 
equation is mentioned. Section 4.2 contains results about the solvability of the 
general Pell's equation, and it is organized into five subsections dealing with the 
following aspects: Pell Decision Problem and the Square Polynomial Problem, the 
Legendre test, Legendre unsolvability tests, modulo n unsolvability tests, extended 
multiplication principle. Section 4.3 contains an algorithm for determining the 
fundamental solutions to the general Pell's equation, based on continued fractions. 
This algorithm is known as the LMM method. Numerical examples that probe the 
efficiency of the algorithm are also included. Section 4.4 deals with the problem of 
solving the general Pell's equation by using the PQa algorithm, derived from the 
theory of continued fractions, as well. A variant of the PQa algorithm for solving 
the negative Pell's equation, and the special Pell's equations x? — Dy? = +4 are 
also given. Later in this section, the problem of the structure of the solutions to 
the general Pell's equation is taken on. By using the PQa algorithm, we study 
the problem of determining the fundamental solutions in the case N < vD and 
then consider several numerical examples that illustrate how this algorithm works. 
In some of these examples, one compares the efficiency of the algorithm PQa 
versus the one of the LMM's method. Section 4.5 is dedicated to the study of 
the solvability and unsolvability of the equation ax? — by? = c. All results here 
belong to us and are based on our papers [13, 14, 17]. Two general methods for 
solving the above-mentioned equation are presented, and a complete answer to 
the problem posed in the recent paper [114] is given. An original point of view 
is contained in Theorem 4.5.2, where the solvability of this equation is linked to 
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the solvability of two other quadratic equations. In Theorem 4.5.3, a large class 
of solvable equations ax? — by? — c is given. Section 4.6 deals with the problem 
of solving the general Pell's equation by using the theory of quadratic rings. One 
obtains a different algorithm for solving the general Pell's equation than the one 
described in Section 4.7. The main goal of Section 4.8 is to discuss the more general 
equation ax? + bxy + cy? = N. Recently, this equation captured the attention of 
mathematicians (see, for example, the doctoral thesis [157]). The last section in this 
chapter is dedicated to the connection between the Thue's theorem (Theorem 4.9.1) 
and the equations x? — Dy? = +N. We discuss here the equation of this form 
with D = 2,3,5,6, 7, the working method being directly obtained from the Thue's 
theorem. 

Chapter 5 is called “Equations Reducible to Pell's Type Equations.” In Sec- 
tion 5.1, we present the equations x? — kxy? +y4 = 1 and x? — kxy? -y* = 4, the main 
results being contained in Theorems 5.1.1, 5.1.7, and 5.1.9. Section 5.2 is dedicated 
to the equation x?" — Dy? — 1 and the central results are given in Theorems 5.2.3 
and 5.2.4. Two special equations that finally lead to Pell's type equations are studied 
in Sections 5.3 and 5.4. Our point of view contained in section 5.5 encompasses in a 
unitary class several equations dispersed in the literature, for instance the equations 
in the titles of subsections 5.5.1, 5.5.2, 5.5.3, and 5.5.4. Section 5.6 points out other 
quadratic equations with infinitely many integral solutions. In subsection 5.6.1, we 
rely on our paper [12]. The main result concerning the equation x? + axy + y? = 1 
is given in Theorem 5.6.1. In subsection 5.6.2, we study the equation (5.6.8), our 
results correcting the ones in [173]. Other interesting equations of this type, both 
solvable, are (5.6.13) and (5.6.14). The equation (5.6.15) is studied in our paper 
[8], where five distinct infinite families of solutions are displayed. Based on our 
paper [9], we find nine different infinite families of positive integral solutions to the 
equation (5.6.18). The main idea of the paper [9] was used in [79] to generate six 
infinite families of positive integral solutions to the equation (5.6.24). By using a 
result in our paper [10], in the last subsection of Section 5.6 we prove that equation 
(5.6.24) has in certain conditions infinitely many integral solutions. 

In Chapter 6, “Diophantine Representations of Some Sequences,” we study a first 
class of applications of some theoretical results presented in the previous chapters. 
In Section 6.1, we define the concept of Diophantine r-representability, making 
the connection with the papers [27, 28] and the doctoral Dissertation [47]. From 
Theorem 6.1.1, in Section 6.2 we then obtain as special cases some properties 
concerning Fibonacci's, Lucas', and Pell's sequences, given in (6.2.1), (6.2.2), 
and (6.2.3). In Section 6.3, we reconsider in an original manner the study of the 
equations x? + axy + y? = +1. The central result is contained in Theorem 6.3.1 
and its proof is based on solving the special Pell’s equation u? — 5v? = —4. All 
results in Section 6.4, concerning the equation (6.4.1) and its connection with the 
Diophantine representation of the Fibonacci, Lucas, and Pell sequences are original. 
The method we employ is different, more natural, and simpler than the one in the 
doctoral dissertation [47]. Section 6.5 deals with the Diophantine representation of 
the generalized Lucas sequences, defined by us in (6.5.1). The main results, given in 
Theorems 6.5.1 and 6.5.2, generalize the ones in Section 6.4. Some special cases are 
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considered in the papers [96, 97, 134] and [61], while a particular definition of Lucas 
sequences is given in [91]. Important results spelling out the conditions in which the 
solutions to the equation (6.5.8) are linear combinations with rational coefficients of 
Fibonacci and Lucas classic sequences are contained in Theorems 6.5.4 and 6.5.5. 
These results belong to us as well and appear in our papers [19] and [20]. 

The last chapter, “Other Applications,” contains five sections. Based on our 
papers [13] and [14], we extend the results in [122] and [123] concerning the 
conditions in which the numbers an + b and cn + d are simultaneously perfect 
squares for infinitely many values of the positive integer n. The main result is given 
in Theorem 7.1.1 and is based on Theorem 4.5.3. Several special cases appear in 
[25, 199] and [40]. Section 7.2 is dedicated to the study of some special properties 
of the triangular numbers. In Theorem 7.2.1, one determines all such numbers that 
are perfect squares, while in Theorem 7.2.2 one studies an equation solvable in the 
set of triangular numbers. The fact that the asymptotic density of the triangular 
numbers is equal to 0 is proved in what follows. Theorem 7.2.3 specifies that 
equation (7.2.9) is solvable for infinitely many triples (m, n, p) of positive integers 
and unsolvable for infinitely many triples (m, n, p) of positive integers. In [170], it 
is shown (Theorem 7.2.4) that any positive rational number r with yr ¢ Q can be 
written as a ratio of two triangular numbers. The proof of this theorem uses in an 
essential way our result contained in Theorem 4.5.3. Also in this section, we solve 
completely the problem of finding all triangular numbers Tm, T, such that T;,/T, is 
the square of a positive integer. Our approach generalizes the method given in [139] 
and [101]. In Section 7.3, we study some properties of the polygonal numbers that 
generalize the ones concerning triangular numbers (Theorem 7.3.1). In Section 7.3 
we present some important results about powerful numbers. Recall that a positive 
integer r is a powerful number if p? divides r whenever the prime p divides r. We 
prove the theorem of asymptotic behavior of the function k(x), where k(x) is the 
number of powerful numbers less than or equal to x and, finally, we present results 
concerning consecutive powerful numbers and the possible distances between two 
powerful numbers. These results are also based on the general theory of quadratic 
equations. 

In the last section, we present the solution to an open problem involving matrices 
in the ring M2(Z). The approach uses the properties of some quadratic Diophantine 
equations, and it was given in the recent paper [29]. 
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Chapter 1 
Why Quadratic Diophantine Equations? 


In order to motivate the study of quadratic type equations, in this chapter we present 
several problems from various mathematical disciplines leading to such equations. 
The diversity of the arguments to follow underlines the importance of this subject. 


1.1 Thue's Theorem 


Since ancient times mathematicians tried to solve equations over the integers. 
Pythagoras for instance described all integers as side lengths of rectangular tri- 
angles. After Diophantus from Alexandria such equations are called Diophantine 
equations. Since that time, many mathematicians worked on this topic, such as 
Fermat, Euler, Kummer, Siegel, and Wiles. 

In 1909, A. Thue (see [62]) proved the following important theorem: 

Let f = az" + ay az" 1 +++» + aiz + ao be an irreducible polynomial of 
degree > 3 with integral coefficients. Consider the corresponding homogeneous 
polynomial 


n—1 


F(x,y) = anx” + Geax” 1y +- bag t + agy”. 


If m is a nonzero integer, then the equation 
F(x,y) =m 


has either no solution or only a finite number of solutions in integers. 

This result is in contrast to the situation when the degree of F is n = 2. In this 
case, if F(x,y) = x? — Dy’, where D is a nonsquare positive integer, then for all 
nonzero integers m, the general Pell's equation 


xX e Dy? =m 
has either no solution or it has infinitely many integral solutions. 
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1.2 Hilbert's Tenth Problem 


In 1900, at the International Congress of Mathematicians in Paris, David Hilbert, 
looking forward to the coming century, proposed 23 problems with which twentieth 
century mathematicians would have to contend. The tenth on the list, commonly 
simply termed “Hilbert’s Tenth Problem,” called for a general method to determine 
the solvability or unsolvability in integers of Diophantine equations. With our 
current knowledge of the unsolvability of this problem, it would be interesting to 
know why Hilbert felt it had a positive solution. Did it look like the Gaussian theory 
could extend indefinitely to more and more variables and higher and higher degrees? 
Did he think one could cut through all the details and give an abstract proof, in the 
way he finished off the theory of invariants? Or was it just a manifestation of his faith 
in the mathematician's ability to solve all problems he posed for himself—a faith 
on which he was quite explicit? The actual statement of Hilbert's Tenth Problem is 
rather brief and uninformative: 

Given a Diophantine equation with any number of unknown quantities and 
with integral numerical coefficients, devise a process according to which it can be 
determined by a finite number of operations whether the equation is solvable in 
integers. 

To solve the Diophantine equation 


f G1, X2, ...,x4) = 0, 


where f € Q[X;, X2,..., X,], amounts to determine the integer points on the 
corresponding hypersurface of the affine space. Hilbert's tenth problem is to give 
an algorithm which tells whether such a given Diophantine equation has a solution 
or not. 

The final answers to Hilbert original tenth problem were given in 1970 by Yu. 
Matiyasevich, after the works of M. Davis, H. Putnam, and J. Robinson. This was 
the culminating stage of a rich and beautiful theory (see [59, 124, 130, 131], and 
[132]). The solution is negative: there is no hope nowadays to achieve a complete 
theory of the subject. But one may still hope that there is a positive answer if one 
restricts Hilbert's initial question to equations in few variables, say n — 2, which 
amounts to considering integer points on a plane curve. In this case deep results 
have been achieved during the twentieth century and many results are known, but 
much more remains unveiled. 

The logical assault on Hilbert's Tenth Problem began around 1950, the first 
tentative papers appearing in the ensuing decade, the first major breakthrough 
appearing in print in 1961, and the ultimate solution being published in 1970. The 
first contributions were made by Julia Robinson and Martin Davis. 

Robinson defined a relation R on natural numbers to be Diophantine if it could 
be written in the form 


R(Xo,...,Xu—1) : Syo---Ym-1P(Xo, ..., Xni, Y0; st Ym-1) = 6, 
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where P is a polynomial with integral coefficients and yo,...,ymn—1 range over 
natural numbers. (Logicians prefer their Diophantine equations to have nonnegative 
integral solutions, an inessential reformulation of the usual Fermatian Diophantine 
problem.) Finding she could not exhibit many demonstrably Diophantine relations, 
she allowed exponentiation to enter into P to form exponential Diophantine 
relations. She was able to show several interesting relations to be exponential 
Diophantine, and she reduced the general problem of showing all exponential 
Diophantine relations to be Diophantine to that of showing any relation of roughly 
exponential growth to have a Diophantine graph. In this reduction, she used the 
sequence of solutions to the special Pell's equations 


x-(d-1y-21, a>2. 


Davis took a more logical approach. The theory of algorithms recognizes two 
basic types of sets of natural numbers, namely: recursive sets, for which an 
algorithm determining membership exists, and recursively enumerable sets, for 
which an algorithmic enumeration exists. There are recursively enumerable sets 
which are not recursive. If every recursively enumerable set could be shown to 
be Diophantine, then Hilbert's Tenth Problem would have no effective solution. 
The techniques Gódel developed in proving his famous Incompleteness Theorems 
readily show that every recursively enumerable set can be written in the form 


yoQii --- Qn-iYm-iP( yo... Ym-1) = 0, 


where each Qj is either an existential quantifier or a bounded universal quantifier, 
i.e., a quantifier of the form Vy; < yo. Davis simplified this representation to the 
Davis Normal Form 


JyVz € y dwo... Wai € yP(X, y, z, wo... , Wm-1) = 0. 


Within a few years, Robinson's husband Raphael showed one could take m — 4. 

Towards the end of the 1950s, Hilary Putnam joined Davis. Together they 
proved—modulo the unproved assumption of the existence of arbitrarily long 
arithmetic progressions of prime numbers—the unsolvability of the exponential 
Diophantine problem over the natural numbers. With Julia Robinson's help, the 
unproven conjecture was bypassed. Together, Davis, Putnam, and Robinson applied 
Robinson's exponential Diophantine relations to eliminate the single bounded 
universal quantifier from the Davis Normal Form. Their proof was published 
in 1961. 

With the Davis-Putnam-Robinson Theorem, Robinson's reduction of the prob- 
lem of representing exponential Diophantine relations as Diophantine relations to 
the special problem of giving a Diophantine representation of a single relation 
of roughly exponential growth assumed a greater importance. The 1960s saw no 
progress in the construction of such a relation, merely a profusion of further 
reductions based on it; for example, on the eve of the final solution, Robinson 
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showed it sufficient to prove the Diophantine nature of any infinite set of prime 
numbers. In March 1970 the world of logic learned that the then twenty-two-year- 
old Yuri Matiyasevich has shown the relation 


y= Fx 


to be Diophantine, where Fo, Fi,... is the Fibonacci sequence. Very quickly, a 
number of researchers adapted Matiyasevich's proof to give a direct proof of the 
Diophantiness of the sequences of solutions to the special Pell's equations 


x — (@ — 1)? =1, a 2 2, 


cited earlier. 

Interestingly, the corresponding problems when real solutions are looked for 
has a positive answer. The decision problem over the reals: is there an algorithm 
deciding the existence of real solutions to a set of polynomial equation with integer 
coefficients? was solved with a yes answer by Tarski [211] and Seidenberg [197]. 


1.3 Euler's Concordant Forms 


In 1780, Euler asked for a classification of those pairs of distinct nonzero integers 
M and N for which there are integer solutions (x, y, z, f) with xy Æ 0 to 


x^-My =P and x'-Ny zr. 


This is known as Euler’s concordant forms problem. When M = —N, Euler's 
problem is the celebrated congruent number problem to which Tunnell gave a 
conditional solution using the theory of elliptic curves and modular forms. More 
precisely, let Ey x be the elliptic curve 


y? = x(x + M)(x +N). 


If the group of Q-rational points of Ey, has positive rank, then there are 
infinitely many primitive integer solutions to Euler's concordant forms problem. 
But if the rank is zero, there is a solution if and only if the Q-torsion subgroup 
of rational points of Ey n is Zo x Zg or Z2 x Ze. All the curves Em n having 
such torsion subgroups are classified as follows. The torsion subgroup of Ey, (Q) 
is Zə X Za if there is a nonzero integer d such that (M,N) = (d?u^,d?v^) or 
(—d?v4, d? (u* — v*)) or (d?(u* — vt, —d?v*), where (u, v, w) is a Pythagorean 
triple. The torsion subgroup of Ey x (Q) is Zz x Ze if there exist integers a and b such 
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1 
that 5 g { 2, —1, 570) 1 > and (M,N) = (at + 2a*b, 2a?b + b^). Thus Euler's 


problem is reduced to a question of Q-ranks of the Mordell—Weil groups of Frey 
curves. In proving the above results (see [166]) the study of the simultaneous Pell’s 
equations 


a? — Mb? =1 and c?—Nb?=1 


played an important role. 


1.4 Trace of Hecke Operators for Maass Forms 


The trace of the Hecke operator T(n) acting on a Hilbert space of functions spanned 
by the eigenfunctions of the Laplace-Beltrami operator A with a positive eigenvalue 
can be viewed as an analogue of Eichler-Selberg trace formula for nonholomorphic 
cusp forms of weight zero. For Re ø > 1, let 


=a d 


dEQ u 


where the summation on u is taken over all the positive integers u which together 
with t are the integral solution of the equation t? — du? = 4n, hg is the class number 


1 
of indefinite rational quadratic forms with discriminant d, and £4 = z (uo + vo vd), 


with (uo, vo) being the fundamental solution to the general Pell's equation 


u? — dv? — 4. 


Here Q is the set of all positive integers d such that d = 0 or 1 (mod 4) and d is 
not a perfect square. For more details we refer to [113]. 
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Consider the quadrature formula over the s-dimensional unit cube of the form 


fs Jens di. asc Yr (2E, SS) 


where q and a1, ...,as are positive integers and f is supposed periodic of period 1 
in each variable. Choose q to be a prime and seek to determine a 1,...as so as to 
minimize R for a class of functions f whose multiple Fourier coefficients are small. 
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One of the main methods is based on units of algebraic fields (see [94]). In this 
method the field is R(A/pi, .. - , J/p;), where pi,...,p; are distinct primes and the 
units are the fundamental solutions to the general Pell's equations 


x? — Dy? = +4 


i 


where D runs over the 2' — 1 proper divisors of pip» . . - pi. 


1.6 Threshold Phenomena in Random Lattices 
and Reduction Algorithms 


By a lattice is meant here the set of all linear combinations of a finite collection of 
vectors in IR" taken with integer coefficients, 


L-Zeao---OZe. 


One may think of a lattice as a regular arrangement of points in space, somewhat 
like atoms composing a crystal in IR?. Given the generating family (ej), there is 
great interest in finding a “good” basis of the lattice. By this is meant a basis that is 
"almost" orthogonal and is formed with vectors of “small” length. The process of 
constructing a “good” basis from a skewed one is referred to as lattice reduction. 

Lattice reduction is of structural interest in various branches of mathematics. 
For instance, reduction in dimension 2 is completely solved by a method due to 
Gauss. This entails a complete classification of binary quadratic forms with integer 
coefficients, a fact that has numerous implications in the analysis of quadratic 
irrationals and in the representation of integers by quadratic forms, for example 
Pell’s equation 


x? — dy? — 1. 


1.7 Standard Homogeneous Einstein Manifolds 
and Diophantine Equations 


If M — G/H is a homogeneous manifold and G is a semisimple Lie group, then 
there is a standard Riemannian metric g on M given by restricting the Killing form. 
An interesting problem is to study when g is an Einstein metric. In many cases 
the Einstein equations reduce to a series of integer constraints. These Diophantine 
equations in certain special cases often reduce to variants of Pell's equation. Such a 
case is as follows. Suppose K, L and R are Lie groups. Let G — K" x R, for some 
integer r, and let H = K x L. Suppose that H is embedded in G via (A, 7), where 
A : K > K' is the diagonal and m : K x L — R is some representation. There 
are limited number of possibilities for K, L and R. One of these is K = SO(n), 
L — SO(m) and R — SO(n 4- 1). The Einstein equations reduce to some Pell's 
equations in n,m and r and these have infinitely many solutions (see [156] for 
details). 
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18 Computing Self-Intersections of Closed Geodesics 


Let T be a subgroup of finite index in the modular group I'(1) = SL(2, Z). An 
interesting problem is to compute the self-intersection number of a closed geodesic 
on H/T, where H is the hyperbolic plane. 

Suppose the geodesic is given as the axis y of A € I'(1). Since by assumption 
[F(1) : T] < oo, one can find a least n € Z,, with A" € T. Fix the standard 


1 
fundamental region R = 4z €H: |z| > 1, |Re z| € 5 for l'(1) and let T be 
the tessellation of H by images of R under I'(1). As y cuts 7, it is divided into 


segments. Translating back to R by appropriate products of the generators f > 


and D Ps ) , determined by the order in which y cuts sides of 7, one can obtain 


a finite family of segments in R whose union projects to cover a fundamental period 
of A" disjointly (except that points on OR will be covered twice). The algorithm 
consists in computing the endpoints on R of all these translates of y (under T'(1)) 
and testing them in pairs for intersections in T (1) and then in T. 

It is possible to write down the primitive hyperbolic in T (1) whose axis joins two 
conjugate quadratic numbers, using minimal solutions of suitable Pell's equations 
(see [110]). 


1.9 Hecke Groups and Continued Fractions 


The Hecke groups 


lA; 0—1 T 
= : =? 3 — => 
mao) (ea) Aag as 


are Fuchsian groups of the first kind. The A-continued fractions (AF) can be used 
to study the geodesics on the modular surfaces determined by G,. The period of the 
AF for periodic //D/C has nearly the form of the classical case. The solutions to 
Pell's equation in quadratic extensions of Q(A;) as well as the Legendre's constant 
r « Ta implies that 
pi gp 


P 
Q of “reduced finite AF form" is a convergent of real a ¢ G, (oo), play an important 


of Diophantine approximation for Gg, i.e., y4 such that |œ — 


role in proving the above result. For details we refer to [186]. 
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1.10 Sets of Type (m, n) in Projective Planes 


A set of type (m,n) in a projective plane is a set of points such that each line 
intersects it in either m or n points. Numerical conditions for the existence of such 
sets in planes of finite order q can be given. In particular, for m = 1 and n > 4, it is 
shown that q is of the form q = (n — 1)P,(n), where P,(n) satisfies the recurrence 
relation Po(n) = 0, Pi(n) = 1, and P,(n) = (n — 2)P, 1(n) — Ps—a(n) + 1. 
The proof consists in solving the quadratic Diophantine equation in two variables 
x? — x — (n — 2)xy + y? — y = 0 which is related to a general Pell's equation (see 
[209] for details). 


Chapter 2 
Continued Fractions, Diophantine 
Approximation, and Quadratic Rings 


The main goal of this chapter is to lay out basic concepts needed in our study in 
Diophantine Analysis. The first section contains fundamental results pertaining to 
continued fractions, some without proofs. The Theory of Continued Fractions is not 
new but it plays a growing role in contemporary mathematics. 

Continued fractions have fascinated mankind for centuries if not millennia. The 
timeless construction of a rectangle obeying the "divine proportion" (the term is in 
fact from the Renaissance) and the “self-similarity” properties that go along with it 
are nothing but geometric counterparts of the continued fraction expansion of the 
golden ratio, 


_14+v5_ 1 


$ 7 1 


Geometry was developed in India from the rules for the construction of altars. 
The Sulva Sutra (a part of the Kalpa Sutra hypothesized to have been written around 
800 BC) provides a rule for doubling an area that corresponds to the near-equality: 


1 1 1 


2=14 
v2 33x4 3x 4x34 


(correct to 2 - 10 9). 


17 577 
The third and fourth partial sums namely — and —— 


12 408 are respectively the fourth 


and eight convergents to /2. 

Accordingly, in the classical Greek world, there is evidence of knowledge of 
the continued fraction for v2 which appears in the works of Theon of Smyrna 
(discussed in Fowler's reconstruction [74] and in [215]) and possibly of Plato in The- 
atetus, see [49]. As every student knows, Euclid's algorithm is a continued fraction 
expansion algorithm in disguise, and Archimedes' Cattle Problem (circa 250 BC) 
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most probably presupposes on the part of its author some amount of understanding 
of quadratic irrationals, Pell's equation, and continued fractions; see [215] for a 
discussion. 


355 
The continued fraction convergent 7 ~ —— was known to Twu Ch'ung Chi, born 


in Fan-yang, China in 430 AD. More recently, the Swiss mathematician Lambert 
proved the 2,000 year conjecture (it already appears in Aristotle) that 7 is irrational, 
this thanks to the continued fraction expansion of the tangent function, 


Z 
tanz = 


and Apéry in 1979 gave in “a proof that Euler missed” [176] nonstandard expansions 
like 


from which the irrationality of ¢(3) eventually derives. 

The standard method to prove the irrationality of e* for nonzero rational x is by 
obtaining a rational approximation using the differential and integral properties of 
e* and the differential properties of x” (1 — x)" /n!, see [88]. Recently, a simple proof 
by using the theory of continued fractions was given in [154]. 

The principal references used in this section are [1, 46, 66, 141, 159, 164, 183, 
184, 208]. 

The Section 2.2 presents key results regarding quadratic rings, their units 
and norms defined in a natural way. Important references for this section are 
[95, 171, 198]. 


2. Simple Continued Fractions 


2.1.1 The Euclidean Algorithm 


Given any rational fraction uo/u;, in lowest terms so that gcd(uo,u;) = 1 and 
uy > 0, we apply the Euclidean algorithm (see [21]) to get successively 
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Up = u1ag + us, 0 < us < u 
uy = u2da, + us, 0 < ua < uz 
ug = U3d» + U4, 0 < u4 < us 


(2.1.1) 


uj-1 = ujaàj 1+ uj, 0 < uj < uj 


uj = uj 1aj. 


If we write £; in place of u;/u;+1 for all values of i with 0 < i < j, then equations 
(2.1.1) become 


ĉi = ai + 


0<i<j-l; &-a;. (2.1.2) 


? 


TET 


If we take the first two of these equations, those for which i = 0 andi = 1, and 
eliminate £1, we get 


1 
Šo = ao + — T- 


aı + — 
& 


In this result we replace £2 by its value from (2.1.2), and then we continue with 
replacement of £3, £4, . .., to get 


Uo 1 
— = o = ao+ —— 
£o = do mm 


i (2.1.3) 
+ 


aj-1 + — 
qj 


This is a continued fraction expansion of £o, or of up/u,. The integers a; are 
called the partial quotients since they are the quotients in the repeated application 
of the division algorithm in equations (2.1.1). We presumed that the rational fraction 
ug/u, had positive denominator u, but we cannot make a similar assumption about 
ug. Hence dg may be positive, negative, or zero. However, since 0 < ug < u, 
we note that the quotient a, is positive, and similarly the subsequent quotients 
02, 03,...,dj are positive integers. In case j > 1, that is if the set (2.1.1) contains 
more than one equation, then a; = uj/uj,; and 0 < uj,4 < uj imply that a; > 1. 

We will use the notation (ao, a1, ...,aj) to designate the continued fraction in 
(2.1.3). In general, if xo, x1, . . . , x; are any real numbers, all positive except perhaps 
Xo, then we will write 
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Such a finite continued fraction is said to be simple if all the x; are integers. The 
following notations are often used to simplify the writing: 


1 
(x0, X1,- 13) = Xo + 7— ——Àá 
CHINE 
1 
= (X9,X1,...,Xj-2,Xj-1-k — )- 
xj 
The symbol [xo, x1, ... , xj] is sometimes used to represent a continued fraction. We 
use the notation (xo, x1,...,xj) to avoid confusion with the least common multiple 


and the greatest integer. 


2.1.2 Uniqueness 


In the last section we saw that such a fraction as 51/22 can be expanded into a 
simple continued fraction, 51/22 = (2, 3,7). It can be verified that 51/22 can also 
be expressed as (2, 3, 6, 1), but it turns out that these are the only two representations 
of 51/22. In general, we note that the simple continued fraction expansion (2.1.3) 
has an alternate form, 

uo 
Jd = (do, 41, nn 1j, 0j) = (do, 41, +++) GQj—2,4j)-1, 0; — 1, 1). (2.1.4) 

1 

The following result [159] establishes that these are the only two simple continued 
fraction expansions of a fixed rational number. 


Theorem 2.1.1. If (ao,a1,...,a;) = (bo, b1,..., bn), where these finite continued 
fractions are simple, and if a; > 1 and b, > 1, then j = n and aj = bi for i = 
0,1,...,n. 


Proof. We write y; for the continued fraction (b;, bj41,...,bn) and observe that 


1 
J= bi, bi peasy Dn =b + = bic 
t ) (bi41, bi+2, eM , bn) Yi+1 


(2.1.5) 


Thus we have y; > b; and y; > 1 fori = 1,2,...,n — 1, and y, = b, > 1. 
Consequently, b; = [y;] for all values of i in the range 0 < i < n. The hypothesis 
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that the continued fractions are equal can be written in the form yo = £o, where we 
are using the notation of equation (2.1.3). Now the definition of £; as u;/u;+1 implies 
that €41 > 1 for all values of i > 0, and so a; = [£;| for 0 € i < j by equation 
(2.1.2). It follows from yo = £o that, taking integral parts, bo = [yo] = [£o] = ao. 
By equations (2.1.2) and (2.1.5) we get 


1 1 
7 = o — æ = yo -bo = —, &=y, a = [&] = þı] = b. 
& yı 


This gives us the start of a proof by induction. We now establish that €; = y; and 
a; = bj imply that €;4 = yj41 and aj41 = bi+1. To see this, we again use equations 
(2.1.2) and (2.1.5) to write 


1 1 
= -äi =y b= ; 
Yi+1 


iti = Yio Gita = [i1] = Da] = bist. 


It must also follow that the continued fractions have the same length, that is, that 
j = n. For suppose that, say, j < n. From the preceding argument we have £; = yj, 
aj = bj. But £j = aj by (2.1.2) and y; > bj by (2.1.5), and so we have a contradiction. 
If we had assumed j > n, a symmetrical contradiction would have arisen, and thus j 
must equal n, and the theorem is proved. 


Theorem 2.1.2. Any finite simple continued fraction represents a rational number. 
Conversely, any rational number can be expressed as a finite simple continued 
fraction, and in exactly two ways. 


2.1.3 Infinite Continued Fractions 


Let a9,a1,a2,... be an infinite sequence of integers, all positive except perhaps ag. 
We define two sequences of integers {h,,} and {k,} inductively as follows: 


h_o = 0, ha = 1, hi = aihi—ı + hj_2 for i > 0 


; (2.1.6) 
k_2 = 1, ka = 0, k; = aiki—ı + Ki.» for i Pa 0. 


We note that ko = 1, ky = aiko > ko, k2 > ky, k3 > ko, etc., so that 1 = ko < ky < 
ko «ka << knr «.... 


Theorem 2.1.3. For any positive real number x, 


Xh, i sir hy-2 
(do, 41,---+;4n—-1,X) = —— ——— —. 
Xka T An—2 
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Theorem 2.1.4. If we define rn = (a9,a1,...,a4) for all integers n > 0, then 
Fn = hy /kn. 


Theorem 2.1.5. The equations 


hiki—ı = hi—ıki = (-1)1 and lj —lj-j = [ES 
kiki—1 


hold for i > 1. The identities 


; —1 Ya; 
hiki—2 — hi—oki = (—1)'ai and lj —lj-9 = Cra 
kiki—2 


hold for i > 1. The fraction hj/k; is reduced, that is (h;, ki) = 1. 


Theorem 2.1.6. The values r, defined in Theorem 2.1.4 satisfy the infinite chain 
of inequalities rg < ro < r4 < rg «€ ::: < r7 < rg < rs < nr. Furthermore, 
lim, oo Tn exists, and for every j > 0, raj < lim, oo Fn < F2j+1- 


Proof. The identities of Theorem 2.1.5 for r; — r;-1 and r; — rj—2 imply that ra; < 
T2j42, '2j—1 > F'2j41, and ro; < r2j—1, because the k; are positive for i > 0 and the a; 
are positive fori > 1. Thus we have ro < ra < r4 < ... and rj > ra » rg » .... 
To prove that ro, < r2j—1, we put the previous results together in the form 


Fon < l'2n42j < V2n42j—1 S raj-1- 


The sequence ro, r2,r4,... is monotonically increasing and is bounded above 
by rı, and so has a limit. Analogously, the sequence r1, r3, r5,... is monotonically 
decreasing and is bounded below by ro, and so has a limit. These two limits are 
equal because, by Theorem 2.1.5, the difference r; — r;_; tends to zero as i tends to 
infinity, since the integers k; are increasing with i. Another way of looking at this to 
observe that (ro, r1), (ra, ra), (ra, rs),... is a chain of nested intervals defining a 
real number, namely lim, ,5, Fn- 


These theorems suggest the following definition. 


Definition 2.1.1. An infinite sequence ao, a1, a2, ... of integers, all positive except 
perhaps for ao, determines an infinite simple continued fraction (ao, 1,2, . . . ). 
The value of (ao, 41,2, . ..) is defined to be lim, ,55 (40, 1,02, . .. , à). 


This limit, being the same as lim, ;,55 Fn, exists by Theorem 2.1.6. Another 
way of writing this limit is lim, ,5; An/kn. The rational number (a9,41,...,a4) = 
h,/k, = r, is called the nth convergent to the infinite continued fraction. We say 
that the infinite continued fraction converges to the value lim; 555 rn. In the case 
of a finite simple continued fraction (ao, a1,...,@n) we similarly call the number 
(do, 41, ..., am) the mth convergent to (ao, a1, ..., an). 
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Theorem 2.1.7. The value of any infinite simple continued fraction (ao, a1, 2, . . .) 
is irrational. 


Proof. Writing 6 for (ao,a1,a2,...), we observe by Theorem 2.1.6 that 0 lies 
between r, and r,41, so that O < |0 — ra| < |fn4i — ra|. Multiplying by kn, and 
making use of the result from Theorem 2.1.5 that |r,41 — ra| = (k,k,41) !, we 
have 


1 
0 < s) eds] < —. 
Kn41 


Now suppose that 0 were rational, say 0 = a/b with integers a and b, b > 0. Then 
the above inequality would become, upon multiplication by b, 


b 
0 < |k,a — h,b| < : 
Kn+1 


The integers k, increase with n, so we could choose n sufficiently large so that 
b <ky41. Then the integer |k,a — h,b| would lie between O and 1, which is 
impossible. 


Lemma 2.1.8. Let 0 = (ao,a1,02,...) be a simple continued fraction. Then 
ao = [0]. Furthermore, if 04 denotes (a1,a2,a3,...), then 0 = ag + 1/61. 


Proof. By Theorem 2.1.6 we see that ro < 0 < ri, that is ao < 0 < ao + 1/ai. 
Now ay > 1, so we have ao < 0 < ao + 1, and hence ao = [6]. Also 


n—oo 


1 
@= li s-an) = li Tai pan) 
Jim (ao, 41; L av c a (ai, a) 


1 1 
= dý + =>- 


= ag + > 
lim (a4,...,4;) 04 
n—oo 


Theorem 2.1.9. Two distinct infinite simple continued fractions converge to differ- 
ent values. 


Proof. Let us suppose that (a9,41,42,...) = (bo,b1,b2,...) = 6. Then by 
Lemma 2.1.8, [0] = ao = bo and 


1 
(bi, bo,...) 


0 = ao + = bo + 


(01,05,...) 


Hence (a1,42,...) = (b1, b»,...). Repetition of the argument gives a, = bi, and 
so by induction a, = b, for all n. 
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We have shown that any infinite simple continued fraction represents an irrational 
number. Conversely, if we begin with an irrational number £, or £o, we can expand 
it into an infinite simple continued fraction. To do this we define agp = [£o]. £1 = 
1/(£o — ao), and next a; = [£1], £z = 1/(£1 — a1), and so by an inductive definition 


ai= [i], S41 = = (2.1.7) 


di 


The a; are integers by definition, and the £; are all irrational, since the irrationality 
of £1 is implied by that of £o, that of £o by that of £1, and so on. Furthermore, a; > 1 
for i > 1 because a; ; = |[£; 1] and the fact that £;..; is irrational implies that 


G1 < i1 < 1 +ai-1, 0< i1 — aiii < 1, 
1 


i Cid — dj—1 


€i 21, a =(§&]>1. 


Next we use repeated application of (2.1.7) in the form £; = a; + 1/& +1 to get 
the chain 


1 
=f —aod 7-— (ao, £1) 
& 
1 
= (a + =) = (do, a2, €2) 
E2 
= 40, A1, .. - ; Am—2,; Gm—1 ao 
Em 
= (a0, 41, ..-,Am—1,Êm)- 


This suggests, but does not establish, that £ is the value of the infinite continued 
fraction (dag, 41,45, ...) determined by the integers a;. 
To prove this we use Theorem 2.1.3 to write 


€sha 1 + hn—2 
= (09,01,..., dp 1, Ên) = ——————— — 2.1.8 
£ ( i à £ ) Enkn—1 + Kn—2 ( ) 
with the h; and k; defined as in (2.1.6). By Theorem 2.1.5 we get 
£— f= E hai = €sha E hn—2 hai 
Kn-1 Enkn—-1 WT Kn-2 Kn-1 
—(hg 1ky 9 — hy 5k, pet 
_ Tia 2kn-1) _ = (2.1.9) 


kn—1 (Enkn—1 + kn—2) 7 kn—1 (Enkn—1 ag ks 2) | 
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This fraction tends to zero as n tends to infinity because the integers k, are increasing 
with n, and €, is positive. Hence € — r, , tends to zero as n tends to infinity and 
then, by Definition 2.1.1, 


¿E= lim r,— Jim n (40, 41, +++; An) = (a9,01,02, ...). 
noo 


We summarize the results of the last two sections in the following theorem. 


Theorem 2.1.10. Any irrational number € is uniquely expressible, by the procedure 
that gave equations (2.1.7), as an infinite simple continued fraction (ao, a3, a», . . . ). 
Conversely, any such continued fraction determined by integers aj that are positive 
for all i > 0 represents an irrational number, £. The finite simple continued fraction 
(a9, 41, . .., ds) has the rational value h,/k, = rn, and is called the nth convergent 
to €. Equations (2.1.6) relate the h; and ki to the aj. For n = 0,2,4,... these 
convergents form a monotonically sequence with & as a limit. Similarly, for n = 
1,3,5,... the convergents form a monotonically decreasing sequence tending to 
€. The denominators k, of the convergents are an increasing sequence of positive 
integers for n > 0. Finally, with £; defined by (2.1.7), we have (ao,a1,...) = 
(ao, Q1,--+,4n-1; A and En = (an, Ün--1; n42; ). 


Proof. Only the last equation is new, and it becomes obvious if we apply to £, the 
process described at the opening of this section. 


Example 1. Let us expand v5 as an infinite simple continued fraction. 
We see that 


V5 224 (V5—2) 2 2c 1/(V5 +2) 
and 
V5--2 —4-4- (V5—2) —4-- 1/(V/5 +2). 


In view of the repetition of 1/(V/5 + 2), we obtain v5 = (2,4,4,4,...). 


2.1.5 Approximations to Irrational Numbers 


Continuing to use the notation on the preceding sections, we now show that 
the convergents /,/k, form a sequence of “best” rational approximations to the 
irrational number £. 


Theorem 2.1.11. We have for any n > 0, 


and |&k, — h,| < —— 


1 
SES nkn+1 
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Proof. The second inequality follows from the first by multiplication by kn. 
By (2.1.9) and (2.1.7) we have 


1 1 
ks (£y cis zm k, 1) kn (Gn41kn + kn—1) 


P 


Using (2.1.6), we replace a, 1k, + kn—1 by k444 to obtain the first inequality. 


Theorem 2.1.12. The convergents h, /k, are successively closer to €, that is 


hy 
ki i 


In fact the stronger inequality |£k, — hn| < |£&, 1 — hn—1| holds. 


Proof. We use k, 4, € kn to write 


hy 1 1 
E k,—h Kn hy. 
k kn us n nl < kn IE n—1 i 
1 hy 
€ ——|£&k,-1— hn-1| = |£— ] 
< E 1 1l k ~ 


Now to prove the stronger inequality we observe that a, + 1 > £, by (2.1.7), and so 
by (2.1.6), we have 
Enkn—1 + Kn—2 < (an + 1)kn—1 + kn—2 
= kn + Kn-1 < an+1kn + Kn-1 = Kn41- 


This inequality and (2.1.9) imply that 


1 1 


hy 
> : 
kn 1(Enkn 1 + kn 2) kn 1kn+1 


kn—1 


k 


We multiply by &,..; and use Theorem 2.1.11 to get 


1 
\Ekn—1 = hal > ko > |£k, = hal. 
n+1 


The convergent h, /kn is the best approximation to £ of all the rational fractions 
with denominator k, or less. The following theorem states this in a different way. 
For the proof we refer to [159]. 
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Theorem 2.1.13. /f a/b is a rational number with positive denominator such that 
JE — a/b| < |E — h,/k,| for some n > 1, then b > kn. In fact if |£b — a| < |£k, — hal 
for some n > 0, then b > k,41. 


Theorem 2.1.14. Let € denote any irrational number. If there is a rational number 
a/b with b > 1 such that 


‘| 1 
2p2' 


E= 


then a/b equals one of the convergents of the simple continued fraction expansion 
of €. 


Theorem 2.1.15. The nth convergent of 1/x is the reciprocal of the (n — 1)st 
convergent of x if x is any real number greater than 1. 


2.1.6 Best Possible Approximations 


Theorem 2.1.11 provides another method of proving the following well-known 
result (see [159, p. 302]). If € is real and irrational, there are infinitely many distinct 
rational numbers a/b such that 


aries 


Indeed, from Theorem 2.1.11 we can replace k,+41 by the smaller integer k, to 
get the weaker, but still correct, inequality 


1 
Wes 


hy 
k-z k2 


We can also use continued fractions to get different proofs of the following result of 
Hurwitz [159, pp. 304-305]: 

Given an irrational number £, there exist infinitely many different rational 
numbers //Kk such that 


k- ius 
k V/5i2 


and the constant v5 is the best possible. The following auxiliary result is a simple 
consequence of the sign of the quadratic function. 
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1 
Lemma 2.1.16. If x is real, x > 1, and x - x | < V5, then x < 5 (5 + 1) and 
1 
x1 > z5 — 1). 


Theorem 2.1.17 (Hurwitz). Given any irrational number £, there exist infinitely 
many rational numbers h/k such that 


h 
k 


1 
VdkK2 


k (2.1.10) 


|< 


Proof. The idea is to establish that, of every three consecutive convergents of 
the simple continued fraction expansion of £, at least one satisfies the inequality 
(2.1.10). 

Let qn denote k,,/k,—1. We first prove that 


qd < v5 (2.1.11) 


if (2.1.10) is false for both h/k = h; 4/k; 1 and h/k = hj/k;. Suppose (2.1.10) is 
false for these two values of h/k. We have 


hj 
kj 


1 1 
> | ; 
—v5Q, v5k 


k 


hj 
kj 


But € lies between hj—1 / kj—ı and hj / k; and hence we find, using Theorem 2.1.5, that 


hj 
kyi 


k 


- le hj) _ 
kj 


Combining these results we get 
EU E 
kii kj 
Since the left side is rational we actually have a strict inequality, and (2.1.11) 


follows. 
Now suppose (2.1.10) is false for h/k = h;/k;, i = n — 1,n,n + 1. We then have 


1 
(2.1.11) for both j = n andj = n+1. By Lemma 2.1.16 we see that q; + > 3 (V 5-1) 


1 
and qn+1 < z305 + 1), and, by (2.1.6) we find qn+1 = an+1 + q; |. This gives us 


1 1 
5 (V5+ 1) > dn41 = dn4i + ae > Angi + 5 (v5 - 1) 


> 1+ 5(vB-1) = 2(V841) 


and this is a contradiction. 
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Theorem 2.1.18. The constant V5 in Theorem 2.1.17 is best possible, i.e., 
Theorem 2.1.17 does not hold if 5 is replaced by any larger value. 


Proof. It suffices to exhibit an irrational number £ for which v5 is the largest 
possible constant. Consider the irrational € whose continued fraction expansion is 
(1, 1, 1, ... ). We see that 


£—14 =1+5, & —£41, e= (VE 1). 


Using (2.1.7) we can prove by induction that £; = (v5 + 1)/2 for all i > 0, for 
if & = (V5 + 1)/2 then 


&i-(6-a)- (354 1)- 1) = S (Vb 1). 


A simple calculation yields hg = ko = kı = 1, hy = kg = 2. Equation (2.1.6) 
becomes h; = hi, + hi-2, ki = ki-1 + ki-2, and so by induction k, = h,_1 for 
n > 1. Hence we have 


li kn—1 o li Kn-1 _ 1 — v5 — 1 
no k, shea E 2? 
kn— 5+1 5—1 
im (d 1 _ v5 NE B 
n oo kn 2 2 
If c is any constant exceeding v5, then 
[om 
Ent + = > C 


holds for only a finite number of values of n. Thus, by (2.1.9), 


h, 
k, 


1 1 
= < 
k2 (Engi F kn—1/kn) ck? 


k 


holds for only a finite number of values of n. Thus there are only a finite number of 
rational numbers h/k satisfying |£ — h/k| < 1/(ck?), because any such h/k is one 
of the convergents to £ by Theorem 2.1.14. 


2.1.7 Periodic Continued Fractions 


An infinite simple continued fraction (ao, a1, a2, . . .) is said to be periodic if there is 
an integer n such that a, = a,+, for all sufficiently large integers r. Thus a periodic 
continued fraction can be written in the form 
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(bo, b1, Baya cs by as dies ey la ty Hg aso n 1456.) 
= (bo, b1, b2, ... , bj, do, 1, Gn—1) (2.1.12) 
where the bar over the aọo,aı1,...,an—ı indicates that this block of integers is 


repeated indefinitely. For example (2,3) denotes (2,3,2,3,2,3,...) and its value 
is easily computed. Writing 0 for (2, 3) we have 


1 
0—2- —T: 
C UN DERE 
= 0 
This is a quadratic equation in 0, and we discard the negative root to obtain the value 
0 = (3+ V/15)/3. As a second example consider (4, 1, 2, 3). Calling this £, we have 


€ = (4,1,0), with Ó as above, and so 


0 — 294 V15 


=4+ (14-071)! — 44 = 
: TUE :) 0+1 7 


These two examples illustrate the following result (see [159]). 


Theorem 2.1.19. Any periodic simple continued fraction is a quadratic irrational 
number, and conversely. 


Proof. Let us write € for the periodic continued fraction of (2.1.12) and 0 for its 
purely periodic part, 

0 = (d9,01,..., 0&1) = (40,41, . .. G1, 0). 
Then equation (2.1.8) gives 


E Oh, 1 "tc hy-2 


b = — 
Okn—1 F kn—2 


and this is a quadratic equation in 0. Hence @ is either a quadratic irrational number 
or a rational number, but the latter is ruled out by Theorem 2.1.7. Now £ can be 
written in terms on 6, 


Om +m 
= (bo, bi,...,b;,0) = ———— 
€ (bo, 1; Yj ) q+ q 
where m' /q' and m/q are the last two convergents to (bo, b1, . . . , bj). But 0 is of the 


form (a + V/b) /c, and hence £ is of similar form because, as with 0, we can rule out 
the possibility that £ is rational. 

To prove the converse, let us begin with any quadratic irrational £, or £o, of the 
form £ = ĉo = (a+ V/b)/c, with integers a, b, c > 0, c 0. The integer b is not a 
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perfect square since £ is irrational. We multiply numerator and denominator by |c| 
to get 


ac + V bc? —ac + V bc? 
e E a 


according as c is positive or negative. Thus we can write € in the form 


mo + vd 
qo 


where qo|(d — m2), d, mo and qo are integers, qo # 0, d not a perfect square. 
By writing £o in this form we can get a simple formulation of its continued fraction 
expansion (ao, 41, a2, ...). We will prove that the equations 


mi + vd 
di 
d — m? 


Mi+1 = iqi — Mi, qi+ı = E (2.1.13) 


ai= [é], & = 


define infinite sequences of integers m;i, qi, a;, and irrationals €; in such a way that 
equations (2.1.7) hold, and hence we will have the continued fraction expansion 
of £o. 

In the first step, we start with £o, mo, qo as determined above, and we let ay = 
[£o]. If £;, m;, qi, a; are known, then we take mj41 = aiqi — mi, qi1 = (dm, )/qi. 
£1 = (mia  Vd)/qii aia = [£s]. That is, (2.1.13) actually does determine 
sequences £;, Mi, qi, Ai. 

Now we use induction to prove that the m; and q; are integers such that q; Z 0 
and q;|(d — m2). 

Next we can verify that 


—aiit mit vd  vd—mij d-mi, 
di di qi( Vd + mi41) 


= dix1 = 1 
vd + omia £i41 


£j—ai-— 


which verifies (2.1.7) and so we have proved that £y = (a9,44,42,...), with a; 
defined by (2.1.13). 
Let £/ = (mj — v'd)/qi, the conjugate of £j. We get the equation 


f 
Ea £i hia T hyn—2 
07 a 
kai T An—2 
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by taking conjugates in (2.1.8). Solving for £j we obtain 


Kn—2 (8 Ys e) 


& = 
" ka Eb = hy af ka 


As n tends to infinity, both /,. 1 /k, . and hn—2/kn—2 tend to £o, which is different 
from £o, and hence the fraction in parentheses tends to 1. Thus for sufficiently large 
n, say n > N where N is fixed, the fraction in parentheses is positive, and £7 is 
negative. But £, is positive for n > 1 and hence €, — £, > 0 and n > N. Applying 
(2.1.13) we see that this gives 2V/d/q, > 0 and hence q, > 0 for n > N. 

It also follows from (2.1.13) that 


QnQn--1 = d — Hz < d, dn < Gn Qn4+1 < d 


2 2 
Mapi < Mapi F dads = d, [maa] < Vd 


for n > N. Since d is a fixed positive integer we conclude that qn and m,+1 can 
assume only a fixed number of possible values for n > N. Hence the ordered pairs 
(mn, qn) can assume only a fixed number of possible pair values for n > N, and so 
there are distinct integers j and k such that m; = m, and qj = qx. We can suppose 
we have chosen j and k so that j < k. By (2.1.13) this implies that £; = é and hence 
that 


£o = (a0, 41, ..., aj- 1, d dips - -- S 4-1), 


and we are done. 


The following result describes the subclass of real quadratic irrationals that 
have purely periodic continued fraction expansions, that is, expressions of the form 
(Go, 41,---,n) (see [159]). 


Theorem 2.1.20. The continued fraction expansion of the real quadratic irrational 
number € is purely periodic if and only if £ > 1 and —1 < &' < 0, where €' denotes 
the conjugate of £. 


Proof. First we assume that £ > 1 and —1 < £' < 0. As usual, we write £o for € 
and take conjugates in (2.1.7) to obtain 


: =E — aj. (2.1.14) 
i+1 

Now a; > 1 for all i, even for i = 0, since £o > 1. Hence if £j < 0, then 1/€/,, < 

—1, and we have —1 < &,, < 0. Since —1 < & < 0, we see, by mathematical 

induction, that —1 < & < 0 holds for all i > 0. Then, since € = a; + 1/€,, by 

(2.1.14), we have 
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1 1 

0< —-—— -a; <1, a= |-z-]. 

i+1 itl 


Now £ is a quadratic irrational, so é; = € for some integers j and k with 0 < j < k. 
Then we have £j = &; and 


ges hoa 
gb g = g k—1 


1 1 
ET = aj-1 +S Gk—1 +> = Ex 1. 


& Ek 


Thus € = & implies £j 4 = €—1. A j-fold iteration of this implication gives us 
£o = £j, and we have 


E = £g = (9,01, ..-,Uk-j-1)- 


To prove the converse, let us assume that £ is purely periodic, say € = 
(d9,d1,.-.,dn—1). where a9,41,...,0,—1 are positive integers. Then £ > ao > 1. 
Also, by (2.1.8) we have 


ES Eh, i EM hn—2 
Ekn—1 T Kn—2 l 


€ - (a0, 41, free dai, £) 


Thus £ satisfies the equation 


f(x) =x kp 14 x(k, 2 hy 1) hy 2 = 0. 


This quadratic equation has two roots, € and its conjugate £'. Since £ > 1, we 
need to only prove that f(x) has a root between —1 and 0 in order to establish that 
—] < £' < 0. We will do this by showing that f(—1) and f(0) have opposite signs. 
First we observe that f (0) = —h,_2 < 0 by (2.1.6), since a; > 0 for i > 0. Next we 
see that for n > 1 


f(-1) = n 1— ky ath, 1—h, 2 
= (kn—2 + hi 2)(as—1 — 1) + kn 3 + An 3 2 kn 3 + hn 3 > 0. 


We now turn to the continued fraction expansion of Vd for a positive integer 
d not a perfect square. We get at this by considering the closely related irrational 
number vd + IV d]. This number satisfies the conditions of Theorem 2.1.20, and so 
its continued fraction is purely periodic, 


Vd + [Vd] = (29,21; 7-1) = (40,81, — a To). (2.1.15) 
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We can suppose that we have chosen r to be the smallest integer for which vd + 
[Vd] has an expansion of the form (2.1.15). Now we note that € = (a;,ai11,...) 
is purely periodic for all values of i, and that £o = £, = £o, = .... Furthermore, 
£1, 62, ..., 6, ., are all different from £o, since otherwise there would be a shorter 
period. Thus £; — £o if and only if i is of the form mr. 

Now we can start with £y = vd + [Vd], qo = 1, mo = [Vd] in (2.1.13) because 
1|(d — [Vd]?). Then, for all j > 0, we have 


BENE cg ego A 
dir qo 


Mjr — qv d] = (qj, = 1)vd (2.1.16) 


and hence qj, = 1, since the left side is rational and vd is irrational. Moreover qi = 
1 for no other values of the subscript i. For q; = 1 implies £; = m; + Vd, but £; has a 
purely periodic expansion so that, by Theorem 2.1.20 we have —1 < m; — Vd < 0, 
vd —1 < m; < Vd, and hence m; = [Vd]. Thus £; = £o and i is a multiple of r. 

We also establish that q; — —1 does not hold for any i. For q; — —1 implies 
€ = —m; — vd by (2.1.13), and by Theorem 2.1.20 we would have —m; — vd »1 
and —1 < —m + Vd < 0. But this implies Vd < m; < —vd — 1, which is 
impossible. 

Noting that ag = [Vd + [Vd]] = 2[Vd], we can now turn to the case € = Vd. 
Using (2.1.15) we have 


vd 


I 
JL. 
< 
> 


- (Vd + [Vd]) 
p (2| Vd], a, aa, ERS ;d,—1; do) 
= (IV d], a, aa, cee :d,—1; dg) 


ll 
L 
X 
ed 


with ag = 2[V/d]. 

When we apply (2.1.13) to vd + [Vd], qo = 1, mo = [Vd] we have ag = 2[Vd], 
m; = [Vd], qı = d — [Vd]?. But we can also apply (2.1.13) to V/d with qo = 1, 
mo = 0, and we find ay = [Vd], mi = [Vd], qq = d — [Vd]. The value of 
do is different, but the values of mı, and of qı, are the same in both cases. Since 
& — (m; Vd) /qi we see that further application of (2.1.13) yields the same values 
for the aj, for the m;, and for the q;, in both cases. In other words, the expansions 
of Vd + [Vd] and vd differ only in the values of ay and mọ. Stating our results 
explicitly for the case v/d, we have the following theorem. 


Theorem 2.1.21. /f the positive integer d is not a perfect square, the simple 
continued fraction expansion of \/d has the form 


Vd = (do, 41, a2, sae ,d,—1, 2a0) 
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with ag = [Vd]. Furthermore, with £y = Va, qo = 1, mo = O, in equations 
(2.1.13), we have qi = 1 if and only if r|i, and qi = —1 holds for no subscript i. 
Here r denotes the length of the shortest period in the expansion of Vd. 


2.2 Units and Norms in Quadratic Rings 


2.2.1 Quadratic Rings 


Let R be the commutative ring (see [42] and [54]) 
R— (m4 nvVD: m,n € Z) (2.2.1) 


where D is a positive that is not a perfect square, endowed with the standard 
operations induced from the ring of integers (Z,+,-). An element e € R is called a 
unit in R if it is inversable, that is there exists c; € R such that ce; = £1£ = 1. Two 
elements a, 8 € R are said to be divisibility associated if there exists a unit € € R 
such that a = £f. We will adopt the notation a ~ £ to indicate that o and 8 have 
the property above. It is not difficult to see that “~” is an equivalence relation. 

If u € R, u = a + bVD, we will denote by F the element F = a — b/D and will 
call it the conjugate of p. 


2.2.0 Norms in Quadratic Rings 


Let us denote by N : R — Z the following function: if u = a + bVD, then 

N(p) =a? — DP? = p- p. (2.2.2) 
Proposition 2.2.1 (N Is Multiplicative). For all ui, u2 € R, the following relation 
holds: 


N(uru2) = N(mi)N(u2). 


Proof. If pı = mı + nı vD and u2 = m» + nav D, then we have 
pauz = (mim + Dnyng) + (min; + mani) v D 
and 
N(mu2) = (mima + Dnin3)? — D(mina + mani? 
= mim? + D?n?n2 — Dminà — Dm3n? = m? (m3 — Dn2) — Dn? (m2 — dn) 


= (m? — Dni) (mà — Dn3) = N(un)N Qua). 
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Proposition 2.2.2. An element £ € R is an unit in R if and only if N(e) = +1. 


Proof. If £ is a unit in R, then there exists €; € R such that ce; = 1. Then from 
Proposition 2.2.1, N(e)N(e1) = N(1) = 1? — DO? = 1. Since N(e) and N(ci) are 
integers, it follows that N(e) = +1. Conversely, if N(e) = +1, then (2.2.2) yields 
E€ = +1. If N(e) = 1, then c= = 1 and if N(£) = —1, then £(—£) = 1. Both cases 
show that £ is a unit in R. 


Theorem 2.2.3. For any integer a, the cardinal number of the set 
S={a ER: N(a) -aand o 4 B forall B ER, B Aa} (2.2.3) 
is finite and does not exceed a?. 


Proof. If a = 0, then the cardinal number of S is 1. We may assume now that a is 
nonzero. Let a, 8 € S such that a Z 8 and a = (mod a). This means that there 
exists y € R such that a — 8 = ay. 

From the definition of the set S it follows that a = N(o) = N(f), hence a — 8 = 
ay = N(a)y = N(Byy. 

Now embed the ring R into the field Q(V/D) = {r+sVD: r,s € Q}. Since 
N(a) = N(B) =a £0, we have a, B # 0 and 


Q PHP i N(B)y _ 1, BEY. 1 By 
B B B B 
and 
B_a-ay_,_ Mey , omy |, a. 
a a a a 
The computations above show that 
a B ae 
B D (B — a)y 


hence E g € Randa ~ f, in contradiction with the definition of S. It follows that 
Qa 


a = (mod a), for alla, 8 € S. 

On the other hand, it is not difficult to see that for all b in R there exist positive 
integers m, n such that 0 < m < |a|, 0 € n < |aļ, and b =m+nvVD(mod a). 

The considerations above show that the mapping 


S> (0,1,2;...,]a] — 1} x £0,152,...,]a] —1) 


given by a > (m,n), where 0 € m, n € |a| — 1, œ = m + nv D(mod a), is 
one-to-one. 
This means that the set S is finite and its cardinal number is less or equal to a?. 
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Proposition 2.2.4 (The Conjugate Is Multiplicative). For all iij, u2 € R, the 
following relation holds: 


ma = Fay fin. (2.2.4) 
Proof. If pı = mı + nı v D and pg = ma + nav D, then 
[14 fl = (mima + Dnin3) + (mina + mani) v D 
and 


Bia = (mima + Dnin2) — (mino + mani)v/D 


= (m, — ni V D)(ma — nav D) = fi Ti. 


Remark. Proposition 2.2.4 gives another proof of the fact that N is multiplicative. 
Indeed, we have 


N(pau2) = (uua2) (pua) = Qap2)(upa) = (upa)(uzna) = N(ui)N(u). 


Chapter 3 
Pell’s Equation 


3. History and Motivation 


Euler, after a cursory reading of Wallis’s Opera Mathematica, mistakenly attributed 
the first serious study of nontrivial solutions to equations of the form x? — Dy? = 1, 
where x # 1 and y ¥ 0, to John Pell. However, there is no evidence that 
Pell, who taught at the University of Amsterdam, had ever considered solving 
such equations. They should be probably called Fermat's equations, since it was 
Fermat who first investigated properties of nontrivial solutions of such equations. 
Nevertheless, Pellian equations have a long and rich history and can be traced back 
to the Greeks. For many details we refer to the books [75] and [212] (see also the 
reference [22, pp. 118-120]). Theon of Smyrna used x/y to approximate \/2, where 
x and y were integral solutions to x? — 2y? = 1. In general, if x? = Dy? + 1, then 
x?/y? = D + 1/y?. Hence, for y large, x/y is a good approximation of vD, a fact 
well known to Archimedes. 

The famous Archimedes's problema bovinum can be reduced to a such equation 
and it took two thousand years to solve (see [65 ]). 

More precisely, it is reduced to the Pell's equation x? — 47294945? — 1. The 
least positive solution, for which y has 41 digits, was discovered by Carl Amthov in 
1880. For a nice presentation of the story of this problem we refer to the book [212]. 

In Arithmetica, Diophantus asks for rational solutions to equations of the type 
x? — Dy? = 1. In the case where D = m? + 1, Diophantus offered the integral 
solution x = 2m? + 1 and y = 2m. Pell type equations are also found in Hindu 
mathematics. In the fourth century, the Indian mathematician Baudhayana noted 
that x = 577 and y = 408 is a solution of x? — 2y? = 1 and used the fraction 


577 = 
108 to approximate 4/2. In the seventh century, Brahmagupta considered solutions 


to the Pell's equation x? — 92y? = 1, the smallest solution being x = 1151 and 
y — 120. In the twelfth century, the Hindu mathematician Bhaskara found the least 


© Springer Science+Business Media New York 2015 31 
T. Andreescu, D. Andrica, Quadratic Diophantine Equations, 
Developments in Mathematics 40, DOI 10.1007/978-0-387-54109-9_3 


32 3 Pell’s Equation 


positive solution to the Pell's equation x? — 61y? — 1 to be x — 226153980 and 
y — 1766319049. 

In 1657, Fermat stated without proof that if D is positive and not a perfect square, 
then Pell's equation has an infinite number of solutions. For if (x, y) is a solution to 
x? — Dy? = 1, then we have 1? = (x? — Dy”)? = (x? + Dy)? — (2xy)?D. Thus, 
(x? + Dy, 2xy) is also a solution to x? — Dy? = 1. Therefore, if Pell’s equation has 
a solution, then it has infinitely many. 

In 1657, Fermat challenged William Brouncker and John Wallis to find integral 
solutions to the equations x? — 151y? = 1 and x? — 313y? = —1. He cautioned 
them not to submit rational solutions for even the lowest type of arithmetician could 
devise such answers. Wallis replied with (1728148040, 140634693) as a solution to 
the first equation. 

In 1770 Euler was looking for positive integers m and n such that n(n 4- 1)/2 — 
m?. To accomplish this, he multiplied both sides of the latter equation by 8 and 
added 1 to obtain (2n + 1)? = 8m? + 1. He let x = 2n + 1 and y = 2m so that 
x? — 2y? — 1. Solutions to this Pell's equation produce square-triangular numbers 
since we have 


LANA th 
That is, the = triangular number equals the (5) square number. For 


example, from the solution x = 3 and y = 2, it follows that m = n = 1, yielding 
the square-triangular number 1. A natural question arises. Does the method generate 
all square-triangular numbers? If one is more methodical about how one obtains the 
solutions, one can see that it does. 

Since 1 = x? — 2? = (x — y/2)(x + y /2), it follows that 


1= 1? = (x — yv 2)?’ (x + yvy 
= ((2y? + x?) — 2xy /2)((2y? + x?) + 2xy V2) 
= (2? + x°)? — 2(2xy)?. 


Thus, if (x, y) is a solution to 1 = x? — 2y?, then so is (2y? + x?, 2xy). For example, 
the solution (3, 2) generates the solution 


(2:2? + 37, 2.2.3) = (17,12). 
The solution (17, 12) generates the solution 


(2+ 122 +177, 2-12-17) = (577,408). 
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The square-triangular number generated by the solution (2y? + x”, 2xy) to 1 = x? — 
2y? is distinct from the square-triangular number generated by the solution (x, y). 
Therefore, there exist an infinite number of square-triangular numbers. Lagrange, in 
a series of papers presented to the Berlin Academy between 1768 and 1770, showed 
that a similar procedure will determine all solutions to x? = Dy? + 1, where D is 
positive and nonsquare. In 1766, Lagrange proved that the equation x? = Dy? + 1 
has an infinite number of solutions whenever D is positive and not square. 
The Diophantine quadratic equation 


ax? + bxy + cy? - dx - ey - f =0 (3.1.1) 


with integral coefficients a,b,c,d,e,f reduces in its main case to a Pell-type 
equation. Next, we will sketch the general method of reduction. The equation (3.1.1) 
represents a conic in the xOy Cartesian plane, therefore solving (3.1.1) in integers 
means finding all lattice points situated on this conic. We will solve the equation 
(3.1.1) by reducing the general equation of the conic to its canonical form. Following 
the ideas from [13, 14, 160, 168] we introduce the discriminant of the equation 
(3.1.1) by A = P? — 4ac. When A < 0, the conic defined by (3.1.1) is an ellipse 
and in this case the given equation has only a finite number of solutions. If A — 0, 
then the conic given by (3.1.1) is a parabola. If 2ae — bd = 0, then the equation 
(3.1.1) becomes (2ax + by + d)? = d? — 4af and it is not difficult to solve. In 
the case 2ae — bd + 0, by performing the substitutions X = 2ax + by + d and 
Y = (4ae — 2bd)y + Aaf — d?, the equation (3.1.1) reduces to X? + Y = 0 which 
is also easy to solve. The most interesting case is A > 0, when the conic defined 
by (3.1.1) is a hyperbola. Using a sequence of substitutions, the equation (3.1.1) 
reduces to a general Pell-type equation 


X? — py* =N. (3.1.2) 


To illustrate the process described above, we will consider the equation 2x? — 
6xy + 3y? = —1 (Berkely Math. Circle 2000-2001 Monthly Contest #4, Problem 4, 
[22, p. 120]). We notice that A = 12 > 0, hence the corresponding conic is a 
hyperbola. The equation can be written as x? — 3(y — x)? = 1 and by performing the 
substitutions X = x and Y = y — x, we reduce it to the Pell's equation X? — 3Y? = 1. 

Finally, let us mention that other authors reduce the equation (3.1.1) to the form 
Ax? 4- Bxy 4- Cy? — k (see, for example [203]). Formulas yielding an infinite set of 
integral solutions of the Diophantine equation x? + bx + c = ky? are given in [80]. 


3.2 The General Solution by Elementary Methods 


We will present an elementary approach to solving the Pell's equation due to 
Lagrange (see, for example, [93, 112, 125, 126, 191, 198] and [212]). We will follow 
the presentation of our papers [13-15]. 
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Theorem 3.2.1. /f D is a positive integer that is not a perfect square, then the 
equation 


u — Dv =1 (3.2.1) 


has infinitely many solutions in positive integers and the general solution is given 
by (un, Un)n>0 


Un+1 = Ulun + Dv1Up, Un+1 = Vin A Uin, (3.2.2) 


where (u1, U1) is its fundamental solution, i.e., the minimal solution different from 
the trivial solution (uo, vo) = (1, 0). 


Proof. First, we will prove that the equation (3.2.1) has a fundamental solution. 
Let cı be an integer greater than 1. We will show that there exist integers tı, w1 > 
1 such that 


1 
|t = wivD| « uu Wi € c1. 
1 


Indeed, considering = [kv/D + 1], k = 0,...,c1, yields 0 < k —kVD < 
1, k = 0,...,c1, and since VD is an irrational number, it follows that ly F d 
whenever k’ Æ k”. 

There exist i,j,p € {0,1,2,...,c1}, i Æj, p £ 0, such that 


—1 —1 
Pye? ad Eu pepe 
Ci C1 C1 C1 
—1 
because there are cı intervals of the form (z ; 2) »p=l,...,c, andc; + 1 
C1 C1 


numbers of the form J, — kV/D, k = Oras Ci 


1 
From the inequalities above it follows that |(/; — lj) — (j — i)vD| < — and 
€1 
1 
setting |}; — J] = t; and |j — i| = wy yields |t; — w1v.D| < — and w4 € c. 
C1 


Multiplying this inequality by t; + wı VD < 2w4 VD + 1 gives 


1 
|? — Dw?| < 2^ VD — < 2VD +1. 
Ci Ci 


: DN 1 ; 
Choosing a positive integer c2 > cı such that |; — wıV D| > —, we obtain 
C2 
positive integers t2, w2 with the properties 


I —Dw2| « 2V D --1 and |t — t2|+|wi — wo| £0. 
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By continuing this procedure, we find a sequence of distinct pairs (tn, Wn)n>1 
satisfying the inequalities |t2 — Dw?| < 2\/D+1 for all positive integers n. It follows 
that the interval (-2V/D —1, 2/D + 1) contains a nonzero integer k such that there 
exists a subsequence of (tn, Wn)n>1 satisfying the equation t? — Dw? = k. This 
subsequence contains at least two pairs (ts, Ws), (t-, w+) for which t, = t,(mod |k|), 
ws = w,(mod |k|), and tw, — tw, 4 0, otherwise f, = t, and w, = w,, in 
contradiction with |t; — t,| + |ws — w,| 4 0 see [21] and [23] for general properties 
of congruences). 

Let to = t,t, — Dw,w, and let Wo = t;w, — t-ws. Then 


f£ — Dw, =k’. (3.2.3) 


On the other hand, to = t,t, — Dw,w, = t? — Dw? = 0(mod |Kk|), and it follows 
t 
immediately that wọ = O(mod |k|). The pair (u, v), where u = ITE v= a isa 
nontrivial solution to Pell’s equation (3.2.1). 
Let (u1, v1) be the least such solution, i.e., with u (and implicitly v) minimal. 
We show now that the pair (un, Un) defined by (3.2.2) satisfies Pell's equation 
(3.2.1). We proceed by induction with respect to n. Clearly, (u1, v1) is a solution to 


the equation (3.2.1). If (un, vn) is a solution to this equation, then 


TERM mE Dia = (uus + Dvn)? — D(viu, + uiv)? 


= (ui — Dot) (uy — Dj) = 1, 


i.e., the pair (un+1, v4.4.1) is also a solution to the equation (3.2.1). 
It is not difficult to see that for all positive integer n, 


Un + v V D = (uy + v V Dy. (3.2.4) 


Clearly, (3.2.4) also yields the trivial solution (uo, vo) = (1, 0). 

Let z, = Un + v, V D = (ui + vi v Dy and note that zo < zi < °° < Zn «.... 
We will prove now that all solutions to the equation (3.2.1) are of the form (3.2.4). 
Indeed, if the equation (3.2.1) had a solution (u, v) such that z = u + v V/D is not of 
the form (3.2.4), then Zm < z < Zm+41 for some integer m. Then 1 < (u--v/D) (Um — 
vs VD) < uj + v4 VD, and therefore 1 < (uum — DvUm) + (uv — uvm) VD < 
u 4- vi V D. On the other hand, (uu, —Dvvm)? —D(umv —uv,)? = (u? — Dv?) (u2, — 
Dv?) = 1, i.e., (uu —Dvv,, uj v—uvy) is a solution of (3.2.1) smaller than (u1, v1), 
in contradiction with the assumption that (1, v4) is the minimal nontrivial solution. 


Remarks. 1) The relations (3.2.1) could be written in the following useful matrix 


form 
EM d 
Un+1 Uy Uy Un 


= 
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D n 
(*) = [o 2) (^). (3.2.5) 
Un Uj Uy Vo 
n 
e p = bn 2 
Uz Uy Cn An 


then it is well-known that each of an, bn, Cn, dn is a linear combination of A1, A5, 


) By using (3.2.5), 


from where 


If 


: : uj; Dv 
where Ai, Az are the eigenvalues of the matrix ( : l 
Uy Uy 


after an easy computation it follows that 


Un = 


[ua + vi VD)" + (uy — vi VD)", 


NI = 


i (3.2.6) 
Un = 2/55 + v, VD)" = (uy — vı VD)" 


The solutions of Pell’s equation given in one of the forms (3.2.4) or (3.2.6) may 
be used in the approximation of the square roots of positive integers that are not 
perfect squares. Indeed, if (u,, v,) are the solutions of the equation (3.2.1), then 


2 


— 


1 


un — uy D = — — — 
Í : Un + v, V D 


and so 
u 1 1 1 
"-yD- < EEN 
Un Un(Un +UnVD) | vDv2 v? 
It follows that 
lim # = VD BLT 
n—o00 Un 


: : u ; ; 1 
i.e., the fractions — approximate vD with an error less than - 


n n 


3) Consider the plane transformation T : IR? — R?, given by 
T(x, y) = (uix t Duy, vix + uy), 


where (u, v1) is the fundamental solution of Pell’s equation (3.2.1). Let (T”)n>0 
be the discrete dynamical system generated by transformation T, where 7" 
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denotes the n” iteration of T. The result in Theorem 3.2.1 shows that the orbit of 
point (uo, vo) of this dynamical system consists of lattice points on the hyperbola 
x? — Dy? « 1. 

4) It is not difficult to find rational solutions to equation (3.2.1). Simply divide the 
relation 


(r? + DP — D(2r}? = (°? — D}? 
by (r? — D}? to obtain 


P+D 2r 


In the next sections we will see how we can describe all rational solutions to 
(3.2.1). 
5) Dirichlet in 1837 published explicit formulae giving some solutions of Pell's 
equations in terms of trigonometric functions. For example, for D — 13 he has 
obtained x, + y1 V 13 = 77, where 


. . om , 6m 
sin 13 sın 13 sın 13 
= T . 3r 4m Q(v13). 
sin sin — sin 
13 13 13 


6) Concerning Pell's equation there is the following conjecture [150]: Let p be a 
prime = 3 (mod 4). Consider Pell's equation u? — pv? = 1 and its fundamental 
solution (u1, v1). Then vı #0 (mod p). 

This has been verified for all such primes p « 18000. It has been shown that 
vı #0 (mod p) if and only if E p=3 Æ 0 (mod p), where the Euler numbers E, 
are defined by the powers series 


oo 


E, 2n 
sect — ait 


n=0 


There is a similar conjecture when p = 1 (mod 4). 


3.3 The General Solution by Continued Fractions 


The approach in this section is based on the material contained in Chapter 2, 
Section 2.1. More specifically, the method we are going to present is based on 
expanding VD into a continued fraction as in Theorem 2.1.21, with convergents 
h,/k,, and with qn defined by equations (2.1.13) with £y = VD, qo = 1, mo = 0. 
Our presentation is based on [1, 46, 159] and [164]. 
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Theorem 3.3.1. If D is a positive integer not a perfect square, then h? — Dk? = 
(—1)"71q, 1 for all integers n > —1. 


Proof. From equations (2.1.8) and (2.1.13) we have 


n+ hy, T hy- REL T D hy + n+ hy 
VD =& = 1H po (M41 VD) dn+1 1 


Entikn T kn—1 (mia in v D)k, + Gn+.1Kn—1 


We simplify this equation and separate it into a rational and a purely irrational 
part much as we did in (2.1.16). Each part must be zero so we get two equations, 
and we can eliminate m,+1 from them. The final result is 


h? = Dk? = (hk, i = hy ak )qaaa = (-1Y7!g,.4 


where we used Theorem 2.1.5 in the last step. 


Corollary 3.3.2. Taking r as the length of the period of the expansion of VD, as in 
Theorem 2.1.21, we have for n > 0, 
har—1 — Dk, 4 = (-1)" qu. = [D 

With n even, this gives infinitely many solutions of x? — Dy? — 1 in integers, 
provided D is positive and not a perfect square. 

It can be seen that Theorem 3.3.1 gives us solutions to (3.1.2) for certain values of 
N. In particular, Corollary 3.3.2 gives infinitely many solutions of 3? — Dy? — 1 by 
the use of even values nr. Of course, if r is even, all values of nr are even. If r is odd, 
Corollary 3.3.2 gives infinitely many solutions to x? — Dy? — —1 by the use of odd 
integers n > 1. The next result shows that every solution to x? — Dy? = +1 can be 
obtained from the continued fraction expansion of vD. But first we make this simple 
observation: Apart from such trivial solutions as x = +1, y = 0 of x? — Dy? = 1, 
all solutions to x? — Dy? = N fall into sets of four by all combinations of signs +x, 
xy. Hence it is sufficient to discuss the positive solutions x > 0, y > 0. 


Theorem 3.3.3. Let D be a positive integer not a perfect square, and let the 
convergents to the continued expansion of VD be h,/k,. Let the integer N satisfy 
IN| < VD. Then any positive solution x = s, y = t to x — Dy? = N, with 
gcd(s, t) = 1, satisfies s = hy, t = kn for some positive integer n. 


Proof. Let E and M be positive integers such that gcd(E, M) — 1 and E? — pM? — 
c, Where ,/p is irrational and 0 < c < ,/p. Here p and c are real numbers, not 
necessarily integers. Then 


E o 
M V? = (E+ Mp)’ 
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and hence we have 


"VN 1 
M(E-Myp) MEM) -1) 


Also, 0 < E/M — yp implies E/(M,/p) > 1, and therefore 


E 
0< 
woe 


E 1 
-va S ome" 


By Theorem 2.1.14, E/M is a convergent in the continued fraction expansion of ,/p. 
If N > 0, we take o = N, p = D, E = s, M = t, and the theorem holds in this 
case. 
If N < 0, then ? — (1/D)s? = —N/D, and we take o = —N/D, p = 1/D, 
E = t, M = s. We find that t/s is a convergent in the expansion of 1/VD. Then 
Theorem 2.1.15 shows that s/t is a convergent in the expansion of VD. 


The following result is a corollary of Theorems 2.1.21, 3.3.1, and 3.3.3. 


Theorem 3.3.4. All positive solutions to x? — Dy? = +1 are to be found among 


x = hy y = kn, where h,/k, are the convergents of the expansion of VD. If r 
is the period of the expansion of VD, as in Theorem 2.1.21 and if r is even, then 


x? — Dy? = —1 has no solution, and all positive solutions to x? — Dy? = 1 are 
given by x = hy, y = Ky—1 for n = 1,2,3,.... On the other hand, if r is 
odd, then x = hj, 1, y = knr—1 give all positive solutions to x?— Dy? = —1 for 
n= 1,3,5,..., and all positive solutions to x? — Dy? = 1 for n = 2,4,6,.... 

The sequences of pairs (ho, ko), (h1, K1),... will include all positive solutions 


to x? — Dy? = 1. Furthermore, a; = [VD] > 0, so the sequence ho, h1, i», ... is 
strictly increasing. If we let (x1, y1) denote the first solution that appears, then for 
every other solution (x, y) we have x > x, and hence y > y; also. Having found this 
least positive solution by means of continued fractions, we can find all the remaining 
positive solutions by a simpler method, which is in fact similar to the second part of 
the proof of Theorem 3.2.1. 

Following the same argument as in the last part of the proof in Theorem 3.2.1, 
we conclude that all nonnegative solutions are given by (x,, yn) for n = 0,1,2,..., 
where x, and y, are the integers defined by x, + y, v D = (x1-c-» J Dy. 

To illustrate the above method, we will consider the numerical example given 
by the equation x? — 29y? = 1. The expansion of v29 is v29 = (5;2,1,1,2, 10), 


11 16 2 
so we have n — 5, an odd number. The first five convergents are A DE = -. 
70 h 
LE r^ But x = hg = 70, y = ks = 13 give x? — 29? = —1. Hence, we 

j 727 1524 


must move on to the next period. The next period gives the convergents —— 


2251 3775 9801 h 135° 283" 
10 . 

418° 701° 1820 ko ^ e 0Y er = Mio y = ko we 

obtain the smallest solution to our equation. 
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3.4 The General Solution by Quadratic Rings 


The following proof uses results about quadratic rings introduced in Section 2.2. If D 
is a positive integer that is not a perfect square, consider the commutative quadratic 
ring R = (m -- nV D; m,n € Z} endowed with the norm N(j:) = p - ji, where 
u — a 4- by/D and ji = a — byD. 

For an element ju in R, u Æ 0, we will denote by (u) the vector in R? defined by 
I(u) = (n [ul la |Z). 

The next result is fundamental for the method we are going to describe. For the 
proof we will use the approach given in [171] and [95]. 


Theorem 3.4.1. In the ring R there exists a unit co # +1 such that for any other 
unit £ in R the relation € = +e holds for some integer k and some choice of signs 
+ and —. 


Proof. Let q be a real number such that q > 2\/D. For all nonzero elements o in R 
with |N(a)| < q, we denote by Y, the set in R? given by 


Yo = {(x,y) € H: x 2 In|o| and y > In [o]); 


where H is the plane defined by the equation x + y = Ing. 

We will first prove that for all nonzero a in R the set Y, is bounded in R?. Indeed, 
if (x, y) € Ya, then x > In |a| and y > In |a|. Taking into account that x + y = Ing 
yields x = Inq— y € Ing—In|a| and y = Ing —x € Inq— In |al, it follows that Ya 
is contained into a rectangle in H. Moreover, if |N(o)| € q, then Ya is nonempty. 
Indeed, the inequality |N(o)| = |a - «| € q implies 1n |o] + ln |a| € q, hence 
Y, #0. 


We will show now that for any unit £ in R the following equality holds: 
Yoo = Ya + Ue). 
This means that x + y = Ing, x > In|a| and y > In [a]. Let 
(x1, 91) = (x,y) + Ue) = (x In [e] y + In |El). 
Then 
xı +y =x+yt+Inje|4+Inle] 2 x - y -In]e: 8| = Ing, 


because x + y = Ing and |e -€| = |N(e)| = 1. From Proposition 2.2.2, € is a unit of 
R if and only if N(e) = +1. Also 


xı =x + ln[e| > ln |a| + In |e| = In|ae| 


and 


yı =y+In[e| > Inja| + In|é| = In|a- =| = In Jae, 
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because from Proposition 2.2.4 the conjugate is multiplicative. This shows that 
(x1,y1) € Yace, hence we have the inclusion 


Ya + le) € Ya. 


For the converse inclusion consider (x1, y1) € Ye. This means that xı +yı = Ing 
and 


xi >Injael, yizln[a-2| = ln[ae]. 
Letting x = x; — In |e| and y = yı — ln [E| we have 


x+y=Ing, 


x > In |oe| — ln |e] = n |a]; 


y > ln |a| — In |é| = In |a]. 


It follows that (x, y) € Yq and that (x1, y1) = (x, y) + I(&), i.e., Yae € Ya + I(e). 
Therefore, for any nonzero element o in R with |N(a)| < q and for any unit £ in R, 
we have Ya. = Ya + l(&). 

Now we will prove that 


HC |] Ya 


IN(a)| <q 
aER,aA0 


For this, let (x, y) € H and let x1, yı € RÄ such that x = In x, and y = ln yı. The 
equality x + y = ln q implies x,y; = q. Denote 


X = [^x] x [-y1, y2]. 
If A is the Lebesgue measure in R2, then 
A(X) = 4xuy1 = 4q > 4-2VD = AX(T), 
where T = {x(1,1) + y(VD,—VD) : x,y € [0,1)} is the fundamental paral- 
lelepiped associated with the complete lattice in R2, A = (m(1, 1) -n(V/D, — vD) : 
m, n € Z}. The lattice A is complete because the vectors (1, 1) and (V/D, —VD) are 


linearly independent over R. It is known that A(T) = | det Ap| = 2V/D, where Ap 
is the matrix 


m= (dn) 
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Using the Minkowski's Fundamental Theorem (see [165]) it follows that there 
exist integers m and n such that 


(m,n) 4 (0,0) and m(1,1) 4- n(VD, —VD) e Xn A. 
From the definition of the set X we obtain 
Im 4- nV D| € x, and |m — nv D| € yı. 


Setting a = m + nv/D and taking into account that (m,n) # (0,0) yields that a is 
a nonzero element of the ring R and that 


IN(a)| = |oa]| = lo|[a] = jm + nV D||m — nVD| € xay1 = q. 


Because 
x= lnx > In [m - nV D| = In |a| and y = Iny; > In |m — nVD| = In [a], 


it follows that (x, y) € Yq, i.e., the inclusion H C UY, is proved. By using Theorem 
2.2.3 we deduce the existence of a finite number of elements a1,Q2,...,a, € R 
with the property that each a in R with |N(o)| < q is divisibility associated with 
one of the elements a1, Q2,...,Q,. 


r 
The sets Y4,, i = 1,2,...,r are bounded, hence the set Y = U Ya; is also 
i=1 


bounded in R?. Let (x, y) € H. Using the above considerations, it follows that there 
exists a nonzero element o in R such that |N(o)| € q and that (x, y) € Ya. By the 
choice of elements o4, 02, ... , Œr, there exists i € {1,2,...,r} such that a = ca,;, 
where e is unit in the ring R. Hence 


(x, y) € Ya = Ya;e = Ya, + Ue), 
and so H C Y + L, where 
L= (I(£) : £ unitin R}. 
It is clear that (0,0) € L, because (0,0) — /(1), and that (L, 4-) is a subgroup 


of the commutative group (R2, +). Since the set Y is bounded, and the set H is 
not, it follows that L is an infinite set, in particular L # {(0,0)}. Assume there 


is a sequence (€,),>1 Of units in R such that lim /(£,) = (0,0) and that €n Z 
E n—oo 
+1 for all positive integers n. This shows that lim |e,| = lim |é,| = 1, and so 
n—oo n—oo 


lim max{|én|, |E,|} = 1. It is not difficult to see that either |e,| or |£,| has the form 
n—oo 


m + m'y D for some nonnegative integers m and m’. 


3.4 The General Solution by Quadratic Rings 43 


For n > 1, max{|e,|, |E,|} > VD > 2, so D > 2. For n = 0, taking into 
account that ¢, #4 +1 for all n, yields max{|e,|, |Z,|} > m > 2. In both cases, 
max{|én|,|En|} > V2, so lim max{|e,|, {E,|} # 1 and lim (en) 4 (0,0). From 

noo noo 
all of the above, it follows that there is a unit £y Æ +1 in R such that 


\|Z(€o)|| = min{||/(e)|| : eis aunitin R, € A +1}, 


where || - || denotes the well-known Euclidean norm in R?. We have used above 
that /(£) = (0,0) if and only if € = +1. In particular, it follows that ||/(29)|| > 0. 
Replacing, if necessary, £o by +& or by —é€o, and taking into account that 


I|(5o)]| = Il(—€o) | = Eo) I = lII(—oll; 


one can assume that eg = m4-m' v D, where m, m’ are nonnegative integers such that 
(m,m) # (1,0). This means that £o > 1. Such a unit &o is called the fundamental 
unit of the ring R. Since In |e| + In [£| = 1n 1 = 0, for all units € in R, the following 
relation holds: L C {(x,y) € R? : x+y = 0). If (eo) = (o,—o), where 
a = Inleo] = Inéo > 0 and l(c) = (8,—f) is another element of the set L 
with 8 > 0, let k be a positive integer such that ka < B < (k + 1)o (we have 
l(e)l| = BV2 > II(o)|| = aV2, hence 8 > aandk > 1).Lete; € R, £1 = ee; *. 
Then 


l(£1) = Ue) — kl(eo) = (8 — ka, —B + ka). 


If B — ka > 0, then £4 Z +1 and 
lk(e1)|| = V2(6 — ko) < V2((k + 1)a — ka) = V2 - a = [I(o)]l. 


in contradiction with the choice of £g. Therefore 8 = ka, l(e1) = 0, which 
implies the equality € = +e‘. Note that if /(c) = (8, —8) and 8 < 0, then the 
same argument above for € shows that there exists a nonnegative integer k with the 
property € = tek. 

From all the considerations above it follows that all units in the ring R are of the 
form +e% for some integer k. 


Theorem 3.4.1 facilitates finding all positive integer solutions to the Pell's 
equation x? — Dy? = 1. In this respect, consider a solution (u,v) and denote 
€ = u+vvD. Then N(e) = u? — Dv? = 1, so € is a unit in the ring R. Applying 
the result in the Theorem 3.4.1, it follows that € = tek, for some k and for some 
choice of signs + and —. In addition, if we assume (u,v) # (1,0), then € > 1. 
Taking into consideration that €o > 1 and that e = cef > 1, we see that the integer 
k is positive and that we must to choose the sign +. Therefore, ¢ = ek, where k is a 
positive integer. Moreover, if N(zo) = —1, then one needs the necessary condition 
k even (indeed, 1 = N(&) = N(eo)* = (—1)* in the case N(zo) = —1). 
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The general solution to Pell's equation x? — Dy? — 1 could be also written 
recursively as follows: 


Xo = 1, yo — 0 
xi =m, yı 2 nif N(eg) = 1, €o =m+nVD 
xı =m? + Dn?, y = 2mn if N(eo) = —1 


Tie = mx, + Dny, EIU 


Yk+1 = nxy + MYk 


= 2 2 
oe Ne Dae ME. Mox CI a. 


yii = 2mnx, + (n? + Dn?)y, 


3.5 The Equation ax? — by? = 1 


In the present section we will study the more general equation 
ax? — by? = 1, (3.5.1) 


where a and b are positive integers. Taking into account the considerations in 
Section 3.1 we have A = 4ab > 0, hence (3.5.1) can be reduced to a Pell’s equation. 
In the paper [144] is given a continued fraction approach. 

We will use the results in [13, 14] and [15]. 


Proposition 3.5.1. If ab = k*, where k is an integer greater than 1, then the 
equation (3.5.1) does not have solutions in positive integers. 


Proof. Assume that (3.5.1) has a solution (x,y), where x, y are positive integers. 
Then ax? — by? — 1, and clearly a and b are relatively prime. From the condition 
ab = k? it follows that a = k? and b = K2 for some positive integer kı and k2. The 
relation k?x? — k2y? = 1 can be written as (k1x — k2y)(kıx + kay) = 1. It follows 
that 1 < kıx + kay = kıx — key = 1, a contradiction. 


We will call Pell’s resolvent of (3.5.1) the equation 
i? — abv? = 1. (3.5.2) 
Theorem 3.5.2. Suppose that the equation (3.5.1) has solutions in positive integers 
and let (xo, yo) be its smallest solution. The general solution to (3.5.1) is (Xn, Yn)n>0 
where 


Xn = Xon + byovn, Yn = Youn + AX0Un, (3.5.3) 


and (Un, Un)n>o is the general solution to Pell’s resolvent (3.5.2). 
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Proof. We will prove first that (xn, Yn)n>0 is a solution to the equation (3.5.1). 
Indeed, 


ax? — by? = a(xous + byovs)? — b(you, + axovs)? = 
= (axà — by2)(u2 — abv?) =1-1=1. 
Conversely, let (x, y) be a solution to the equation (3.5.1). Then (u, v), where 
u = axox — byoy and v = yox — xoy, is a solution to Pell’s resolvent (3.5.2). Solving 


the above system of linear equations with unknowns x and y yields x = xou + bygv 
and y = you + axov, i.e., (x, y) has the form (3.5.3). 


Remarks. 1) A simple algebraic computation yields the following relation between 
the fundamental solution (u1, v1) to Pell's resolvent and the smallest solution 
(xo, yo) to equation (3.5.1): u + vı Vab = (xo v/a + yov b)?, where the signs + 
and — correspond. 

2) Using formulas (3.2.6), from (3.5.3) it follows that 


= (0+ Vas) (w+ eval)" +} (2a) (a mit 


2 
mn = 5 (10+ væ) (u +vivab) + 5 (v0 - vas) (u - vivab) . 


Taking into account Remark 1, the above formulas can be written as 


Xn = 


Ni (‘ova + ve)" + (nas) 


»7 gus | (sova+ vob)” = (uva b)" . 


This last form of solutions appears in [219] but the method given there is much 
more complicated. 
3) The general solution (3.5.3) can be written in the following matrix form 


pU 
Yn yo axo Un yo axo Uy Uy vo : 

To illustrate the above method, let us consider the following equation: 
6x? — 5y? = 1. Its smallest solution is (xo, yo) = (1,1). The Pell’s resolvent 
is u? — 30v? = 1, whose fundamental solution is (11,2). The general solution 
to the equation considered is x, = Un + 5v,, Yn = Un + 6v, n = 0,1,... where 


(Un, Un)n>o is the general solution to Pell’s resolvent, i.e., ut, 41 = Llun + 60v, 
Unt1 = 2ug + 1104, n =0,1,... with uo = 11, vo = 2. 


A closed form for these solutions can be found by using the above Remark 2. We 
obtain 
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“m=z [(ve vs)"  (va- vay" 


n= gu (Ve v8)" = (v8 - vs). 


Remarks. 1) In the paper [84] is given a nice survey concerning the history and 
various approaches in solving the equation (3.5.1). 

2) The next result is due in [152]: If 1 < a < b are integers such that ab is square- 
free, then at most one of the two equations 


ax — by? = +1 (3.5.4) 


is solvable. 

3) In Example 3, page 140 of [22], it is shown that if a, b > 1 are integers such that 
ab is not a perfect square and both equations (3.5.4) are solvable, then a = 1 or 
b=1. 


3.6 The Negative Pell Equation and the Pell-Stevenhagen 
Constants 


While the Pell’s equation x? — Dy? = 1 is always solvable if the positive integer D 
is not a perfect square, as we have proven in the previous sections, the equation 


x? — Dy = -1 (3.6.1) 


is solvable only for certain values of D. 

We have seen in Theorem 3.3.4 that if r is the period of the expansion of V/D 
in continued fractions, then, if r is even, the equation (3.6.1) has no solution. If 
r is odd, then x = hy, and y = Kk, give all positive solutions to (3.6.1) for 
n-21,3,5,.... 

Next, we will write the solutions to the equation (3.6.1) by using our method in 
Section 3.5. 

The equation (3.6.1) is known as the negative Pell's equation. From the Theo- 
rem 3.5.2 the following theorem follows: 


Theorem 3.6.1. Suppose that the equation (3.6.1) has solutions in positive integers 
and let (xo, yo) be its smallest solution. The general solution to (3.6.1) is given by 
(Xn; Yn)n»0 where 


Xn = XoUn + DyoUn, Yn = Youn + X9Un (3.6.2) 


and (un, Un)n>0 is the general solution to Pell’s equation u — Dv? = 1. 
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Remarks. 1) Between (xo,yo) and (uw ,v1) there is the following important 
connection: 


2 
ui E vı VD = (xo pai va yov D) $ 


where the signs + and — correspond. 
2) By using formulas (3.6.2) we obtain the solutions to the negative Pell's equation 
in explicit form: 


n 


Xn = (xo + yov D) (u s vv D) T : (so -»vD) (u E m vD) 


1 X —\r 1 x a 
n= 3 (90 + BvD) atn) +5 (e 5D) (a - VD). 


(3.6.3) 
Formulas (3.6.3) can be also written as 
1 2n+1 —\ 2n+1 
= 3 [c + yovD) + (xo — vowD) | 
(3.6.4) 


y= m [c + yovD) gt (s - yowD) T 


3) The general solution (3.6.2) can be expressed in the following matrix form 


ACE) CECI CEJIO 
Yn yo Xo /N Un yo Xo /NU1 u voj 

The following result points out an important class of solvable negative Pell's 
equations. The proof is adapted from [151]. 


Theorem 3.6.2. Let p be a prime > 3. The negative Pell’s equation 
x — py =-1 


is solvable in positive integers if and only if p = 1 (mod 4). 
Proof. First suppose that the equation is solvable. Then there are positive integers 


—1 
u,v such that u? — pv? = —1. So, u? — (-1) = pv?, implying (=) =], 
P 


where (5) denotes the Legendre symbol. According to Theorem 4.3.1.5) in [22, 


—1 x 
pp. 178-179] we have ( ) = ( 1)2 5 , hence p = 1 (mod 4). 
P 
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Let (uo, vo) be the fundamental solution to the Pell’s resolvent u? — pv? = 1. 
Then u$ — 1 = pv, and uo cannot be even, for in this case we should have —1 = 
p(mod 4). Hence uo is odd and the numbers uo — 1 and uo + 1 have the greatest 
common divisor 2. Therefore ug + 1 = 2a? and uo F 1 = 2p8?, where o and 8 are 
positive integers such that vo = 2. By elimination of uo we get +1 = o? — pf?. 
Since 6 < vo, we cannot have the upper sign. Thus the lower sign must be taken 
and the theorem is proved. 


Remarks. 1) To give an example of an unsolvable negative Pell's equation we will 
show that the equation x? —34y? — — 1 has no solution. The fundamental solution 
of Pell’s resolvent is (35, 6). If the equation x? — 34y? = —1 were solvable and 
had the fundamental solution (xo, yo), then by Theorem 3.3.4 we would have 
x2 + 34y2 = 35 and 2xoyo = 6. But this system of equations has no solutions in 
positive integers and thus the equation x? — 34y? = — 1 is not solvable. 

2) In the paper [58] is proved that the proportion of square-free D divisible by k 
primes of the form 4m + 1 for which the negative Pell equation is solvable is at 
least 40 96. 

The following short and completely elementary criterion concerning the 
solvability of the negative Pell equation was obtained in the paper [146]. 


Theorem 3.6.3. If D = 1,2 (mod 4) is a non-square integer, then there is a 
solution to (3.6.1) if and only if uy = —1 (mod 2D), where (uy,vi) is the 
fundamental solution to the Pell equation u? — Dv? = 1. 


Proof. If (3.6.1) is solvable with the smallest solution (xo, yo), then we have u, = 
xg + DyZ = —1 + 2Dy% = —1 (mod 2D) (see Remark 1) after Theorem 3.6.1). 

Conversely, assume that the fundamental solution (u1, v1) to u? — Dv? = 1 
satisfies u = —1 (mod 2D). It follows that u; = —1 + 2Dk, for some positive 
integer k. We have (—1 + 2DK)? — Dv? = 1, which gives Dk? — k — v? = 0, where 
v = 2v}. Therefore, 


k(Dk — 1) = v£, 
from which it follows that k = r? and Dk — 1 = s? as gcd(k, Dk — 1) = 1. Thus 


Dk —1 = Dr? — 1 = s? which gives s? — Dr? = —1, hence the negative Pell 
equation is solvable. 


Remark. In [147] is explored the central norm in the simple continued fraction 
expression of vD, where D > 2 is not a perfect square. The obtained results are 
used by the authors in the study of solvability of the negative Pell's equation. 

In what follows we will present a result concerning the negative Pell's equation 
based on our paper [18]. We begin with a representation theorem of the Fibonacci 
sequence that will turn to be useful in the proof of our result. 

We consider the Diophantine equation 


x+y? +1=xyz. (3.6.5) 
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First we will establish the necessary condition of solvability for equation (3.6.5) 
and then we will determine all its solutions in terms of the well-known Fibonacci 
sequence (Fin)m>1- 


Theorem 3.6.4. The equation (3.6.5) is solvable if and only if z — 3. In this case 
all of its solutions (x, y) are given by 


(1, 1), (Fonzi, F25—1), (Fon—-1, Fanti), n> 1. 


Proof. Let (x,y,z) be a solution with z Z 3. Then x Z y, for otherwise x?(z—2) = 1, 
which is impossible, since z — 2 Z 1. We have 


0-3 E y!-1-axyz-(x- ya) cy + 1422-2? 


= (yz — x)? +y? +1- (yz — x)yz 


hence (yz — x, y, z) is also a solution, since x(yz — x) = xyz — x? = y +1 > 0 
implies yz — x > 0. Note that if x > y, then x? > y? +1 = x(yz — x). Hence 
x > yz — x, which shows that the newly obtained solution is smaller than the initial 
solution, in the sense that x + y > (yz — x) + y. However, under the assumption that 
X Æ y, this procedure can be continued indefinitely, which is impossible, since in 
the process we construct a decreasing sequence of positive integers, a contradiction. 
This contradiction shows that there are no solutions if z Z 3. 
Clearly, (1,1) is a solution to the equation 


x? +y? +1 = 3xy. 


Let (a,b), a > b, be another solution. Then b? + (3b — a)? + 1 = 3b(3b — a), 
so (b, 3b — a) is also a solution. From 


(a — b)(a — 2b) = à? — 3ab + 2b? = P? —1>0 


it follows that a > 2b, hence 3b — a < b. So the new solution has a smaller b. 

It follows that we reach a solution with b = 1, hence with a? + 2 = 3a, in which 
case a = 1 ora = 2. It follows that all solutions are obtained from (a4, b1) = (1,1) 
by the recursion 


(Qn41; bn41) = (dn, 3b, — an). 


The sequences (a,)n>1 and (bn)n>1 satisfy the same recursion: x,41 = 3x, — 
Xn—1, X1 = 1, x2 = 2. This recursion characterizes the Fibonacci numbers of odd 
index. Therefore, (an, bn) = (Fon41, Fon—1),n > 1. 

The solutions are (1,1), (Fon41, Fon—1), (Fon—1, Fon+1), forn > 1. 


The following result points out a family of unsolvable negative Pell’s equations 
[199]: 
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Theorem 3.6.5. Let k be an integer greater than 2. The equation 

x — (k —4)y’? =-1 (3.6.6) 
is solvable if and only if k = 3. 
Proof. We will show that the equation 


u? — (k? — Aw? = —4 (3.6.7) 


is not solvable if k Z 3. Assume the contrary, and let (u, v) be a solution to (3.6.7). 


Then u and kv have the same parity. Consider x — <— Then u = 2x — kv and 
(3.6.7) becomes 


x? s? +1 = xok. 
Since k Æ 3, this contradicts the result in Theorem 3.6.4. 
Assume now that for k 7 3, the negative Pell’s equation (3.6.6) has a solution 
(x, y). Multiplying both sides by 4 yields 
(2x)? — (K? — 4)(2y)? = —4, 


contradicting the above result concerning equation (3.6.7). 
When k = 3 equation (3.6.6) becomes 


x? — 5y = -1. (3.6.8) 


The smallest solution to (3.6.8) is (2,1). From formulas (3.6.3) it follows that all 
solutions to (3.6.8) are given by (Xn, Yn)n>0, Where 


T : (2 + v5) xL (2- v5) T 


s zx (2 ev)" - (2- vs) T 


Remark. ^ complicated method for proving the result in Theorem 3.6.4 was given 
in [169]. 


The problem of determining those D for which the negative Pell's equation 
(3.6.1) is solvable in positive integers has a long history. We mentioned at the 
beginning of this section that if D is a positive nonsquare the solvability or 
unsolvability of (3.6.1) can be determined by expanding vD as an ordinary 
continued fraction 


Vn (ao; di; XD 
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Then (3.6.1) is solvable or not according to whether r is odd or even. If r is odd, 
then 
Xo 


m = (ao, 41, Pa QU 


is the fundamental solution of (3.6.1). 

A second approach to this problem involves using generalized residue symbol 
criteria derived from D to determine conditions on D which guarantee that (3.6.1) 
is solvable or unsolvable. This approach was initiated by Legendre in 1785. He 
proved that if D is a prime congruent to 1(mod 4), then (3.6.1) is solvable (see 
Theorem 3.6.2), while if a prime p congruent to 3(mod 4) divides the squarefree 
part of D, then (3.6.1) is unsolvable. Dirichlet observed that D — pq with p — 
q = l(mod 4) and (p/q)4 = (q/p)4 = —1, then (3.6.1) is solvable. For D = 
Pı -.. pu in [210] are given quadratic residue criteria among p which when they 
held would guarantee that (3.6.1) is solvable. In the paper [195] applied methods of 
class field theory were used to show that in the case D = pq with p = q = 1(mod 4) 
equation (3.6.1) is unsolvable when (p/q)4 4 (g/p)4, while in the case (p/q)4 = 
(q/p)4 = 1 the equation (3.6.1) is sometimes solvable and sometimes not. In the 
papers [195] and [181] it is proved that these residue symbol criteria were related to 
the structure of the 2-Sylow subgroup of an appropriate ring class group Q[VD]. In 
[180, 181] is introduced a "conditional Artin symbol" defined in terms of generators 
of certain class fields, by means of which it is given a set of necessary and sufficient 
conditions for (3.6.1) to be solvable. In [153] it is acknowledged that the problem 
of determining those D for which (3.6.1) is solvable is still open, presumably due to 
the nonexplicit character of conditions in [180] and [181]. Explicit residue symbol 
conditions for special types of D are still being found, e.g., [99] and [177]. 

The residue symbol approach can be extended to yield an algorithm determining 
the solvability of negative Pell's equation whose main bottleneck is finding a 
factorization of D. In the paper [108] it is proved that there is an algorithm when 
given a positive integer D together with (1) a complete prime factorization of D and 
(ii) a quadratic nonresidue n; for each prime p; dividing D, determines whether the 
equation (3.6.1) is solvable in positive integers or not, and which always terminates 
in O((In D)? (In In D)(InIn In D)) elementary operations. 

In the paper [81] it is shown that for a nonsquare positive integer D, the negative 
Pell equation (3.6.1) is solvable if and only if there exist a primitive Pythagorean 
triple (A, B, C) and positive integers a, b such that D = a? + b? and aA — bB = 
+1. It is also possible to describe a method to generate families of such integers D 


stemming from the solutions to the linear equation aA — bB = +1. 
If p is a prime such that 2p = a^ + s?, where a? = +s = 9(mod 16), then the 
negative Pell’s equation x? — 2py? = —1 has no solution [44]. If D = 2p, where 


p = c? + 8D? and D is odd, then the equation (3.6.1) has no solutions [69]. If 
p = c?) + qD? and D is odd when p = 1(mod 4) and (p/q) = 1, then the negative 
Pell’s equation t? — pqu? = —1 has no solutions [109]. 
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While the set of positive integers D for which the Pell's equation is solvable is 
well known (it is the set of all nonsquare positive integers), the set D of all positive 
integers D for which the negative Pell’s equation is solvable is far from being known. 
Only recently has progress been made in the study of the set D. We will mention a 
few results and some open problems concerning the set D. 

Without loss of generality one can, however, assume that D is square-free. 
Moreover, (3.6.1) can have solutions only if D has no prime divisors = 3 (mod 4). 
Consider the case in which D = plp5...p,p, «po < ++: < pi and p, = 1 
(mod 4). In 1834, G. L. Dirichlet had shown that (3.6.1) has solutions when r = 1 
(see Theorem 3.6.2) and also when r = 2 provided (p, /p5) = —1. He had even 
considered the case when r = 3. In [155] it is shown that (3.6.1) has solutions for 
all odd r's, provided (p;/p;) = —1 for each i < j < r. 

Define the Pell constant (see [73, pp. 119—120]) 


1 

P=1— 1— = | =0,5805775582... 

MC-a) 
j odd 

needed in what follows. The constant P is irrational [206] but only conjectured to 

be transcendental. Define also the function v» by 


| 24 (1 217w)p 
v(p) = - 9rd 


where v, is the exponent of 2 into factorization in p — 1. 

For any set S of positive integers, let fs(n) denote the number of elements in S 
not exceeding n. In [43, 206, 207] several conjectures regarding the distribution of 
D were formulated. For example, it was conjectured that the counting function fp 
satisfies the following relation [207]: 


lim MEE iy II (1+ oe | (1 L) = 0.28136... 


2 2 

— = 

ace n a0 p p 
p=1(mod 4) 


Let U be the set of positive integers not divisible by 4, and let V be the set of 
positive integers not divisible by any prime congruent to 3 modulo 4. Clearly, D is 
a subset of UM V, and U N V is the set of positive integers that can be written as a 
sum of two coprime squares. By the above conjectured and by a coprimality result 
given in [182], the density of D inside U N V is [207]: 


_ p(n) ( v(p) ) ( =) 
lim =P l| 1+ 1— — } = 0,57339... 
noo funv(n) ins pod p? 

p=1(mod 4) 
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Here is another conjecture involving the Pell constant. Let W be the set of 
squarefree integers, that is, integers which are divisible by no square exceeding 1. 
In [206] it is conjectured that 


I 6 
lim Y" fpnw(n) = —PK = 0,2697318462... 


n—oo n E mq? 


where K is the Landau- Ramanujan constant. Clearly, U is a subset of W, and V A W 
is the set of positive squarefree integers that can be written as a sum of two (coprime) 
squares. By the second conjectured limit and by a squarefree result one obtains that 
the density of D N W inside V N W is [43]: 

lim Pw p 0, 5805775582... 

noo fynw n) 


An interesting connection to continued fractions is given in [207]: an integer 
D > 1is in D if and only if VD is irrational and has a regular continued fraction 
expansion with odd period length (see also Theorem 3.3.4). 

If D > 1 is a squarefree integer with no prime factor p, p = 3(mod 4), with 
exactly n prime factors, and if D,(X) denotes the set of those D < X, in the paper 
[58] the authors study the distribution of such D which lie in D. An explicit number 
An is given such that 


Z(D,(X)n?0D) 


SDQX) 0" 


lim inf 
X—oo 


Moreover, it is conjectured that 


where D(X) = | J D, (X), and Ao = lim A, = 0,419... 
n—oo 


n=1 


Chapter 4 
General Pell's Equation 


This chapter gives the general theory and useful algorithms to find positive integer 
solutions (x, y) to general Pell's equation (4.1.1), where D is a nonsquare positive 
integer, and N a nonzero integer. There are five good methods for solving the general 
Pell’s equation: 


1. The Lagrange—Matthews—Mollin (LMM) method; 

2. Brute-force search (which is good only if |N| is small and the minimal positive 
solution to Pell’s resolvent is small); 

. Use of quadratic rings; 

. The cyclic method; 

5. Lagrange's system of reductions. 


BW 


Of these five, we will present only the first three, with two versions for the third 
one. These two last algorithms are comparable in terms of effectiveness. For the 
cyclic method see [67] and for the Lagrange’s system of reductions see [52] or [142]. 


4. General Theory 


In a memoir of 1768, Lagrange gave a recursive method for solving the equation 
xX — Dy =N (4.1.1) 


with gcd(x,y) = 1, where D > 1 is not a perfect square and N Æ 0, thereby 
reducing the problem to the situation where |N| < VD, in which case the positive 
solutions (x, y) are found among the pairs (pn, qn), with p,/q, a convergent of the 
simple continued fraction for J D. 

It does not seem to be widely known that Lagrange also gave another algorithm 
in a memoir of 1770, which may be regarded as a generalization of the well-known 
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method of solving Pell's equation and negative Pell's equation presented in Sec- 
tion 3.3 by using the simple continued fraction for VD (see [196]). Quadratic 
Reciprocity (see [21, 185] and [179] for various applications) 

In what follows we will call (4.1.1) the general Pell’s equation. First we will 
present the general method of finding the solutions to this equation following the 
presentation in [56, 112, 125, 126, 151] and [161]. 

Like in Section 3.5 we will consider the Pell’s resolvent 


u? — Dv? = 1. (4.1.2) 
Let (Un, Un)n>0 be the general solution to the equation (4.1.2) given in The- 
orem 3.2.1. Assume that equation (4.1.1) is solvable and let (x,y) be one of its 
solutions. Then 
(un + v, V D) (x + yVD) = (ux + v,yD) + (uny + ux) VD 


and 


(uyx + vyD)? — D(uny + vx)? = (x? — Dy’) (u? - Dv?) =N- 1 =N. 


It follows that (xn, Yn)n>0, where 
Xn = Xu, + Dyu, and y, = yu, + Xu (4.1.3) 


satisfies the general Pell’s equation. Hence every initial solution to (4.1.1) generates 
its own family of infinitely many solutions. 

This method of generating solutions is called the multiplication principle. 

The main problem here is to decide whether or not two different initial solutions 
generate different general solutions described above. 

We say that solution (xn, yn)n>0 given by (4.1.3) is associated with the solution 
(Un, Un)n>0- The set of all solutions associated with each other forms a class of 
solutions to (4.1.1). 

Next we will show a way to decide whether the two given solutions (x, y) and 
(x, y') belong to the same class or not. In fact, by using the method given in 
Theorem 3.5.2 it is easy to see that the necessary and sufficient condition for these 
two solutions to be associated with each other is that the numbers 


xx’ — Dyy' 
N N 
are both integers. 
Let K be the class consisting of the solutions (xn, Yn)n>0 defined by (4.1.3). Then 
(Xs; —yn)n»0 also constitutes a class, denoted by K. The classes K and K are said 


to be conjugates of each other. Conjugate classes are in general distinct, but may 
sometimes coincide; in the latter case we speak of ambiguous classes. 
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Among all the solutions (x,y) in a given class K we now choose a solution 
(x*, y*) in the following way: let y* be the least nonnegative value of y which occurs 
in K. If K is not ambiguous, then the number x* is also uniquely determined, for the 
solution (—x*, y*) belongs to the conjugate class K. If K is ambiguous, then we get 
a uniquely determined x* by prescribing that x* > 0. The solution (x*, y*) defined 
in this way is said to be the fundamental solution of the class. 

In the fundamental solution, the number |x*| has the least value which is possible 


for |x| when (x, y) belongs to K. The case x* = 0 can occur when the class is 
ambiguous, and similarly for the case y* — 0. 
If N = +1, there is only one class and it is ambiguous. 


Suppose now that N is positive. 


Theorem 4.1.1. Jf (x, y) is the fundamental solution of the class K of the equation 
(4.1.1) and if (u1, v1) is the fundamental solution of the Pell’s resolvent (4.1.2), then 
the following inequalities hold: 


0< | JU 4 2j (4.1.4) 
vi 
(yee D VN. (4.1.5) 
T5 üt d D 


Proof. If inequalities (4.1.4) and (4.1.5) are true for a class K, they are also true for 
the conjugate class K. Thus we may assume that y is positive. 
It is clear that 


xu, — Dyvi = xui (x2 — N)(u? — 1) > 0. (4.1.6) 
Consider the solution (xu, — Dyv;, yu, — xv1) which belongs to the same class 
as (x, y). Since (x, y) is the fundamental solution of the class and since by (4.1.6) 
xu, — Dyv; is positive, we must have xu, — Dyv: > x. From this inequality it follows 
that 
xX (u — 1)? > D?y^v? = (x? — N) (ui — 1) 


or 


1 
and finally x? < 3 (u1 +1)N. This proves inequality (4.1.4) and it is easily seen that 


(4.1.4) implies (4.1.5). 


Suppose next that N < 0 and call (4.1.1) the general negative Pell's equation. 
With a proof similar to the one in Theorem 4.1.1 we have 
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Theorem 4.1.2. If (x, y) is the fundamental solution of the class K of the general 
negative Pell's equation and if (u1,v1) is the fundamental solution of the Pell's 
resolvent (4.1.2), then the following inequalities hold: 


0< |x| < — (4.1.7) 
U1 

0 —— VIN]. 4.1.8 

<y< TAS IN| (4.1.8) 


From Theorems 4.1.1 and 4.1.2 we deduce 


Theorem 4.1.3. /f D isa nonsquare positive integer and N is a nonzero integer, then 
the equation (4.1.1) has a finite number of classes of solutions. The fundamental 
solutions of all the classes can be found after a finite number of trials by means 
of the inequalities (4.1.4), (4.1.5) and (4.1.7), (4.1.8). If (x*, y*) is the fundamental 
solution of the class K, then all the solutions in K are given by (Xn, Yn)n>0, where 


Xn = X Un + Dy*v, and Yn = y"Un Te as 


and (Un, v,)u»o represents the general solution of Pell’s resolvent including +1, if 
necessary. 


Remark. 'The upper bounds for fundamental solutions that generate the classes of 
solutions of general Pell's equation (4.1.1) found in Theorems 4.1.1 and 4.1.2 can 
still be improved. In [76] it is shown that 


N 
0<bl< Ve, o<y< y 
where € = u + vv D. 


In the private communication (L. Panaitopol, personal communication, December 
2001) the following better upper bounds are mentioned 


IN |ui +N IN |ui -N 
0< «A[———, 0< y< 1 —. 
<hl < y — ve —325 


In the above delimitations (u1, v1) denotes the fundamental solution to the Pell’s 
equation (4.1.2). 

We denote by k(D, N) the number of classes of solutions of the equation (4.1.1), 
and by K(D, N) the set of the fundamental solutions of all classes. 


Theorem 4.1.4. Let p be a prime. Then each of the general Pell's equations 


x? — Dy? = +p (4.1.9) 
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has at most one solution (x, y) in which x and y satisfy the inequalities (4.1.4) and 
(4.1.5), or (4.1.7) and (4.1.8), respectively, provided that x > 0. 

If the equation (4.1.9) is solvable, then it has one or two solutions satisfying the 
above conditions, according as the prime p divides 2D or not. 


Proof. Suppose that (x, y) and (x1, y1) are two solutions of (4.1.9) satisfying the 
conditions in the first part of Theorem 4.1.4. Thus the numbers x, y, x1 and yı are 
nonnegative. 

Eliminating D between relations 


x — Dy = +p, x? — Dy? = +p (4.1.10) 


yields x?y? — x?y? = p(y? — y?). Thus xy; = x1y (mod p). 
Furthermore, from (4.1.10) we obtain 


Qo F Dy)? — D(xyy F xy)? =p’. 


In the equation 


xxı F Dyyi a Xyi FXiy ? 
D =1 (4.1.11) 
P 


let us choose the sign such that the congruence xy, = +x ,y (mod p) is satisfied. 
Then the two squares on the left-hand side are integers. If xy; F x,y 4 0, from 
(4.1.11) we conclude that 


lxy1 F xiy] > vip. (4.1.12) 


On the other hand, by applying inequalities (4.1.4) and (4.1.5), or (4.1.7) and 
(4.1.8), respectively, we obtain |xy1 F xiy| < vip, which is contrary to (4.1.12). 
The remaining case is xy; F x1y = 0, which is obviously possible only for x = xı 
and y = yı. Thus the first part of Theorem 4.1.4. 

Consequently, there are at most two classes of solutions. Suppose that (x, y) and 
(x, —y) are two solutions which satisfy inequalities (4.1.4) and (4.1.5), or (4.1.7) 
and (4.1.8), respectively. These solutions are associated if and only if p divides the 
two numbers 2xy and x? + Dy? = 2Dy? + p. Since y cannot be divisible by p, the 
numbers 2x and 2D are divisible by p. But if 2D is divisible by p, then so is 2x. Thus, 
the necessary and sufficient condition for (x, y) and (x, —y) to belong to the same 
class is that 2D is a multiple of p. Thus proves the second part of the theorem. 


The following example illustrates how the method described in Theorem 4.1.4 
can be applied. 

Consider the equation x? — 2? = 119. The fundamental solution of its Pell's 
resolvent u? — 2v? — 1 is (3,2). The following solutions of our equation satisfy 
inequalities (4.1.4) and (4.1.5): (11, 1), (—11, 1), (13, 5), (—13, 5). It is not difficult 
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to show that these numbers are all fundamental solutions in different classes. 
Thus the number of classes is four but only solutions (11,1) and (13,5) satisfy 
Theorem 4.1.4. The form of the integer N is very important. For instance, in the 
paper [174] are considered the equations x? — Dy? = +c(23! — 1). 

We will now present an example which illustrates how one can use 
Theorem 4.1.4. We will now rely on the result in our paper [16]. In [37] the 
following question is posed: Does the Diophantine equation 


87 -y-T (4.1.13) 


have infinitely many solutions in positive integers? 

Recently, in the paper [114] the more general equation ax? — by? = c is 
considered. It is shown that if ab is not a square and the above equation has a positive 
integer solution (xo, yo), then it has infinitely many positive integer solutions. This 
property is a direct consequence of the multiplication principle. In the paper [143] 


a simple criterion for solving both equations x? — Dy? — c and x? — Dy? — —c is 
presented. 

In what follows, we will find all solutions to the equation (4.1.13). We can write 
the equation (4.1.13) in the following equivalent form: y? — 8x? = —7. This is a 


special case of (4.1.9). In our case, p = 7 and p does not divide 2D = 16. Applying 
Theorem 4.1.4 we deduce that the equation (4.1.13) has two classes of solutions and 
these are generated by (—1, 1) and (1, 1). The Pell’s resolvent u? — 8v? = 1 has the 
fundamental solution (u1, v1) = (3, 1) and its general solution (un, Un)n>0 is given 
by (see formulas (3.2.6)): 


me ; [(3+ ve)" +(3- v8) | 
(4.1.14) 


On = xR [(3+v8) - (3- v8) | 


Applying Theorem 4.1.3 it follows that all solutions to the equation (4.1.13) are 
given by (Xn: Yn)n>0 and (s Yn )n>0° where 


/ 
Xn = Un T Un Xn = Un — Un 
{ and K 


Yn — Un T 8v, 


and (un, Un)n>0 is defined in (4.1.14). We obtain two classes of solutions: 
(x,y) = (1,1), (4,11), (23,65), (134, 379),... 


and 


(y) = (2,5), (11,31), (64,181), (373, 1055),... 


respectively. 


4.2. Solvability of General Pell’s Equation 61 


Remark. We will describe now the set of rational solutions to the Pell's equation 


u? — Dv? = 1. A family of such solutions was given in Remark 4 in Section 3.2. 


For fixed positive integers m and n consider the general Pell's equation x? — 


Dy? — (mn)?. Consider the set of all its integral solutions (x, y) satisfying n|x and 
mly and let Sm,n be the set of all pairs (=, =) , Where x = xın, y = yım. The set 
m n 
of all rational solutions to u? — Dv? = 1 is then given by S = U Sn: 
m,n21 
The following interesting result was proved in the paper [72]. 


Theorem 4.1.5. Let D = a? + (2b)?, with a,b € Z. If D is a prime, the following 
hold: 


1) The equation x? — Dy? — a is solvable. 
2) The equation x? — Dy? — 4b is solvable. 


If D is not prime, then both 1) and 2) can fail. For instance 221 = 10? + 11? = 
5? + 142, but for a = +5 or +11 the equation x? — 221y? = a has no solution mod 
13, while for b = +5 or +7 the equation x? — 221y? = 4b has no solution mod 17. 


4.2 Solvability of General Pell's Equation 


Disregarding any time considerations, Theorem 4.1.1 may be used to determine 
whether any general Pell equation is solvable or not. Following the reference 
[204], let consider the general Pell equation x? — 43y? = 35. According to 
Theorem 4.1.1, if it is solvable, then any of its fundamental solutions (x, y) must 


lie within the following bounds: 0 < |x| < | 35(3482 + 772] — 246 and 


O<v< [532 /35/ (2 (3482 + 1) = 37, where (3482, 532) is the fundamental 


solution to the Pell's resolvent u? — 43v? — 1. After checking all 9102 possible 

combinations of (x, y) we see that the equation x? — 43y? = 35 is not solvable. 
With regards to computational efficiency, the question of solvability for the 

considered example is no match for modern computers. But, what happens when 


(a DM 


N gets large? Clearly, oo, as N — oo. Thus, Theorem 4.1.1, 


though a nice tool, does not allow one to efficiently decide if a particular general Pell 
equation is solvable. In the reference [204] is mentioned the equation x? — 313y? = 
172635965 and the fact that, using the actual computation force, we need about 
69806785 years to prove the unsolvability, following the method provided by 
Theorem 4.1.1. Thus, in this particular example, with N = 172635965 relatively 
small, using the approach in Theorem 4.1.1 will take a considerable amount of time. 
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The question of solvability of the general Pell's equation can be formulated into 
two problems: 


Pell Decision Problem (PDP). Given a positive integer D > 2 which is not a 
perfect square, and an integer N, is there an efficient means to decide if the equation 
(4.1.1) is solvable? 

In some situations PDP can be reduced to the case when D is a prime (see for 
instance Theorem 3.6.2). 


Pell Search Problem (PSP). Assuming that the equation (4.1.1) is solvable, can we 
find all fundamental solutions in the Pell classes in a reasonable amount of time? 

Notice that a general criterion for solvability is, in effect, a solution to a PDP. In 
this section we address the problem of finding a general criterion for solvability of 
general Pell equation and give a partial solution. Most of the tests that we develop 
throughout this section are based on the reference [204] and do not rely on integer 
factorization. However, a few of the implementations based on these results will rely 
heavily on the efficiency of integer factorization, which is likely no more efficient 
than tests based on the Pell class approach. 


4.2.1 PDP and the Square Polynomial Problem 


In what follows we will show that the PDP is equivalent to the problem of deciding 
whether or not a particular second degree polynomial with integer coefficients has a 
square integer value. In this respect we formulate the following concrete problem: 


Square Polynomial Decision Problem (SPDP). Does there exist an algorithm 
that, for any odd prime p and N € Z with gcd(N,p) — 1 decides if there is for 


š 2 a?—N n 
some a with N = a isa 


(mod p) and n € Z such that pn? — 2an + 
square? 


The SPDP and the PDP for specific D and N may be formulated in terms of 
N 

arithmetical functions. Let p be a prime, N € Z, with (=) = ] and consider 
p 


N 
the equation x? — py? = N. Since (=) = 1 we have a? = N (mod p) for 


some positive integer a. Note that, the Tonelli-Shanks algorithm, assuming the 
Generalized Riemann Hypothesis, efficiently find an integer a such that a? — 
(mod p) (see [159, pp. 110-115]. 

Following the reference [204], define the functions 


a —N 


1 if pn? — 2an + is a square for some 


(p, N) = 


integers n and a with a? = N (mod p) 
—1 otherwise 
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and 


1 if x? — py? = N is solvable 
N = 
vee) { —1 otherwise. 


Clearly, in the definition of (p, N) we can assume that a € Zp. 
Now, we have the proper terminology to prove the following result. 


Theorem 4.2.1. Let p be an odd prime and N € Z with (2) = 1. Then, 
P 
w(p,N) = 1 ifand only if $(p,N) = 1. 


Proof. If (p, N) = 1, then we have u? — pm? = N for some integers u, m. Observe 

that y? = N (mod p). To prove ¢(p, N) = 1 we must show that there is an integer 
V N 2. 

s is a square. But, we have a 

choose n = 0. Therefore ó(p, N) = 1. 


Suppose ¢(p,N) = 1. That is, there are integers n,m and u € Z, such that 
2 


n such that pr? — 2un + = m?, hence we 


u? = N (mod p) and pr? — 2un + ” = m°. The last relation is equivalent 


to (u + pn)? — pm? = N, so the pair (u + pn, m) is a solution to the general Pell’s 
equation x? — py? = N. Thus, the relation v/(p, N) = 1 holds. 


The result in Theorem 4.2.1 proves that SPDP is equivalent to PDP. 


4.2.2 The Legendre Test 


The Legendre symbol and the Quadratic Reciprocity Law provide the first test for 
the solvability of general Pell's equation. 


N 

Theorem 4.2.2. If (2) = —1 then (p, N) = —1, that is x? — py? = N is not 
P 

solvable. 


Proof. If the equation x? — py? = N were solvable, then u? — pv? = N for some 


integers u and v. Therefore, u? — N = pv?, hence u? = N (mod p), implying 
N 

(2) = 1, contradicting our assumption. 
p 


N M 
Corollary 4.2.3. If (3) = ] and (=) = —], then the equation 
P P 


x? — py? = MN 


is not solvable. 
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Example 1. Consider the general Pell's equation x? — 17y? = —46. Using the 
properties of the Legendre symbol, we have 


(=) E (=) (5) E (5) - (s) @ 
-9-0-0-7 


hence, according to Theorem 4.2.2, the considered equation is not solvable. 


4.2.3 Legendre Unsolvability Tests 


This subsection uses the Quadratic Reciprocity Law and some properties of the 
Legendre symbol to obtain some tests for the unsolvability of general Pell's 
equation. 


Theorem 4.2.4. Let p be an odd prime and N a positive integer. If p 3 (mod 4) 
N 

and (3) — 1, then the equation x? — py? — —N is not solvable. 
p 


Proof. If the equation is solvable, then we have r? — ps? = —N, for some integers 
i —N 
r,s. It follows r? = —N (mod p), hence (=) = ]. Using the standard 
P 
properties of the Legendre symbol we get 


crm 
pue a) 


By the Quadratic Reciprocity Law, this only happens when p = 1 (mod 4), 
contradicting our assumption. 


and 


Example 2. Consider the equation x? — 11y? — —5. Since (4,1) is a solution to 
5 
x? — 11y? = 5, we have (=) = 1. Since 11 = 3 (mod 4), by Theorem 4.2.4, we 


obtain that the considered equation is not solvable. 
The next result is given in [204] and it yields a general test for the unsolvability 
of a large class of general Pell’s equations. 


Theorem 4.2.5. Let p be a prime, p = 3 (mod 4), and N = nmn with n square 
free. If x? — py? = N is solvable, then n = 1 (mod 4). 
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Proof. Suppose that n = 3 (mod 4). Since x? — py? = N is solvable, there are 
u,v € Z such that u? — pv? = m?n. We shall collect the following three facts: 


(i) (5) =1. 
p 


(ii) If q is a prime divisor of n with q = 3 (mod 4), then (2) =-1. 
p 


(ii) Let r = |{q : q|n and q is an odd prime and q = 3 (mod 4)}|. Then r is odd. 
Since u? — pv? = m?n, we have u? — m?n = pv. So, X? = N (mod p) is 


2 
solvable. Thus, (5) = (=) = 1. This proves (i). 
p P 
Now suppose that q is a prime divisor of n. So, n = qno for some no € Z. Thus, 


2 2 2 oe, 2 : p pv? 
u^ — pv? = qno and so X^ = pv? (mod p) is solvable. So, | — } = |— | = 
q q 
1. By the Quadratic Reciprocity Law, we know that, since p = q = 3 (mod 4), 


(2) = 1), So, (2) = 1. This proves (ii). 
q p P 
Letn = q1...Qr: dri... qi; Where gy =... = qr = 3 (mod 4) and q,41 = 


... = qı = 1 (mod 4). If r is even, then we may arrange these first r primes in 
pairs as follows: (q1 - q2), (q3* q4), . .. (qr—1^ qr). Then, for i even with 1 < i < r, 
(qi-1: qi) = 9 = 1 (mod 4). But, then n = (qı - q2) - (d3: q4) ...(qd,—1-: Gr) > 
Qr41--. Qi =1 (mod 4) contrary to assumption. This proves (iii). 

Again let n = q1...q,Qr41...qr Where qq = ... = q, = 3 (mod 4) and 
Qry1 8 ... = qı = 1 (mod 4). Because r is odd, by (ii) we have 


(2)...(2) = 1)...(-1) = (-1)"=-1. 
(=) (2) id cde 


Therefore, by (1) we obtain 


c (2) - Gee) 
p p 
“()() 2) (f) eri 


a contradiction. 


Also, 


The result in Theorem 4.2.5, when expressed using the contrapositive, yields a 
nice test for unsolvability. We state this as the following consequence. 


66 4 General Pell's Equation 


Corollary 4.2.6. Let N = m?n with n square free. If p is a prime with p = n = 3 
(mod 4), then the equation x? — py? — N is not solvable. 


The next consequence follows immediately. 


Corollary 4.2.7. ]f p = N = 3 (mod 4) and M = 1 (mod 4), then the equation 
x? — py? = MN is not solvable. 


Example 3. Consider the equation x? — 31y? = 1008. We have 1008 = 12? . 7 
and 7 = 3 (mod 4). Corollary 4.2.6 allows us to conclude that the equation is not 
solvable. 

The next result requires that we know a prime factor > 3 of N. 


Theorem 4.2.8. Let q be an odd prime divisor of N. If the equation x? — py? = N 


is solvable, then (2) Ll. 
q 


Proof. Assume that u? — pv? = N, for some integers u, v. Because N = 0 (mod q), 
it follows u? = pv? (mod q). 


Therefore, (=) = 1, hence (2) =1. 
q q 


In the case when we can find an odd prime divisor of N, the contrapositive to 
Theorem 4.2.8 provides a nice test for unsolvability. 
Corollary 4.2.9. Let q be an odd prime divisor of N. If (2) = —], then the 
q 
equation x? — py? = N is not solvable. 


Now, we are in position to discuss the solvability of the equation 
x? — 313y? = 172635965, 


considered at the beginning of this section. Because 5 is a prime divisor of 
313 

172635965 and 2 = —1, we may use Corollary 4.2.9 to conclude the 

unsolvability of the equation. 


Corollary 4.2.10. Let q be an odd prime divisor of N. If p or q = 1 (mod 4) and 
d 
P 


= —1, then the equation x? — py? = N is not solvable. 


Proof. Because p or q = 1 (mod 4), we have (5) = (2) = —], and we can 
q p 
use the result in Corollary 4.2.9. 


Corollary 4.2.11. Let N = m?n, where n is square free. If p is a prime with p = 5 
(mod 8), and n is even, then the equation x? — py? — N is not solvable. 
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N 
Proof. Suppose that u? — pv? — N, for some integers u, v. It follows (3) =], 
P 
n m?n 
hence | —] = | ——] = 1. Since n is even, we have n = 2no, no € Z, and 


2 2 
(=) = 1. Because p = 5 (mod 8), we have C) = —]. Therefore, n has 
p P 
a prime factor q such that (2 = —1. But, n is square free, so q must be odd. 
p 


Moreover, from p = 5 (mod 8), it follows p = 1 (mod 4) and the conclusion 
follows from Corollary 4.2.9. 


The following application is given in the reference [204]. 


Example 4. Consider the equation x? — 181y? = 1908360. We have 181 = 5 
(mod 8) and 1908360 = 18? - 5890 with 5890 = 2 - 5 - 19-31 even and square free. 
Applying Corollary 4.2.11, it follows the unsolvability of the equation. 


4.2.4 Modulo n Unsolvability Tests 


We will describe a simple but useful way to test the unsolvability of general Pell's 
equation. 


Theorem 4.2.12. /f the equation x? — Dy? = N is not solvable in Zy, for some 
positive integer n > 2, then it is not solvable in integers. 


Proof. Assume that u? — Dv? = N for some integers u,v. The remainder upon 
dividing u? — Dv? by n will be the same as the remainder in the division of N by n. 
Therefore, the equation x? — Dy? — N is solvable in Z,. Thus, by the contrapositive, 
the result follows. 


Note that if the equation x? — Dy? = N is solvable in Z, for some positive integer 
n > 2, then it is not necessarily the case that it is solvable in integers. 


Theorem 4.2.13. Let p be a prime with p = 3 (mod 4), and N an odd integer. If 
the equation x? — py? = N is solvable, then N = 1 (mod 4). 


Proof. We have a? = 01 (mod 4), and by direct calculation, we see that x? —oy? = 
x? — 3y? = 0,1, or 2 (mod 4). Therefore, if N = 3 (mod 4), the equation is not 
solvable in Z4, and, by mod 4 test, the equation is not solvable in integers. 


Using the same argument, but in Za, we can prove the following result. 


Theorem 4.2.14. Let p be a prime with p = 1,3, or 5 (mod 8), and N an integer 
with N = 2 (mod 4). Then the equation x? — py? = N is not solvable. 
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4.2.5 Extended Multiplication Principle 


We now give some tests for the solvability of general Pell's equation, using an 
extension of the multiplication principle discussed in Section 4.1. 


Extended Multiplication Principle. [f u? — Dv? = M and r? — Ds? = N, then 
(ur + Dus)? — D(us + vr)? = MN, where the signs + and — correspond. 

The above identity is also called the Bhaskara identity, according to the name of 
the Hindu mathematician mentioned in Section 3.1. 

We can reformulate this algebraic property as follows: If the general Pell's 
equations u? — Dv? = M and r? — Ds? = N are solvable, then the equation 
x? — Dy? — MN is also solvable. 

As an application to the Extended Multiplication Principle, we present an 
extension of the result involving the negative Pell's equation, and contained in 
Theorem 3.6.2. 


Theorem 4.2.15. Let p be a prime with p = 1 (mod 4). The equation 


x’ — py? =—N 
is solvable if and only if the equation x? — py? = N is solvable. 
Proof. By Theorem 3.6.2, we know that the negative Pell’s equation 
u — po? ——1 


is solvable. Now, the result directly follows from the Extended Multiplicative 
Principle. 


Remark. Notice that if we can factor N, say N = Ni... NN; and show, for all i = 
1,...,5, that the equation x? — Dy? = N; is solvable, then using successively the 
Extended Multiplication Principle we obtain that the equation x? — Dy? — N is 
solvable. 


The converse of the above remark need not hold, as the next example illustrates. 


Example 5. Considering the equation x? — 37y? = 192, we have 192 = 47-12 = 
8? . 3. The equations x? — 37y? = 12 and x? — 37y? = 4? are clearly solvable, 
hence according to the Extended Multiplication Principle, it follows the considered 
equation is solvable. On the other hand, if we use the second factorization of 192, 
we see that x? — 37y? = 3 is not solvable (apply Theorem 4.1.1 where (u1, v1) = 
(73, 12). Thus, we may not conclude that the unsolvability of x? — 37y? — 3 implies 
the unsolvability of x? — 37y? — 192. 
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4.3 An Algorithm for Determining the Fundamental 
Solutions Based on Simple Continued Fractions 
(The LMM Method) 


We will describe an almost forgotten algorithm due to Lagrange, for deciding the 
solvability of general Pell’s equation (4.1.1), where gcd(x, y) = 1 and D > 0 is 
not a perfect square. In the case of solvability, the fundamental solutions are also 
constructed. 

The main purpose of this section is to present a version of Lagrange's algorithm 
which uses only the technique of simple continued fractions. 

A related algorithm is given in [158] but each of the cases D — 2 or D — 3 and 
N < 0 needs separate consideration. Also, unlike our algorithm, the approach in 
[158] requires the calculation of the fundamental solution of Pell's resolvent. 

Lagrange's algorithm has been rediscovered in [141]. The method there is more 
complicated than ours, as it uses the language of ideals and semi-simple continued 
fractions, in addition to that of simple continued fractions. 

First we need a result which is an extension of Theorem 172 in [88]. 
Lemma 4.3.1. [fw = ME 
Q > 0, S > 0 and PS — QR = +1, or S = O and Q = R = 1, then P/Q isa 
convergent to w. Moreover if Q 4 S > 0, then 


, Where Ç > 1 and P,Q,R,S are integers such that 


R _ Pui + kpn k>0 


S dn—1 T kan f B 


Also, C + k is the (n + 1)-th complete convergent to w. Here k = 0 if Q > S, while 
k>1ifQ<S. 


Proof. In [88] only the case Q > S > 0 is considered. We write 


P 
m Umm (a0; 41, ..., ds) ate 


Q An 


and assume PS — QR = (—1)"~1. Then 
PrS ox qn R = PS — QR = pnQn—1 — Pn—1ddn: 


So PrlS ibi dn—1) = qn(R equ. 
Hence q,|(S — q, 1). Then from q, = Q > S > O and qn > qn_1 > 0, we 
deduce |S — q,..1| < qn and hence S — qn—1 = 0. Then $ = g,_, and R = p,_1. 
Also 


= P+R = Pn + Pn-1 
QG s S An T (qn—1 


= (ao; a1,... „an, Q). 
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If S = 0 and Q = R = 1, then w = [P, C] and P/Q = P/1 = po/qo. 

If Q = S, then Q = S = 1 and P — R = +1. If P = R + 1, then w = [R, Ll, C], 
so P/Q = (R + 1)/1 = pı/qı. If P = R — 1, then w = [R — 1,1 + C] and 
P/Q = (R 1)/1 = pol o 

If Q < S, then from q,|(S — qn—1) and 


S — qn—1 2 Q — qn—1 = Qn — Qn-—1 > 0, 
we have S — gn—1 = kqn, where k > 1. Then 


o BEHR _ Pal + Pii kp, _ Pal +k 
QG--S mÉ +qn-1 + kan qn(C +k 


— 


T Pa-1 
C Qn—1 


— 
| 


and w = (a9;41,..., an, Ç +k). 


Theorem 4.3.2. Suppose x? — Dy? = N is solvable in integers x > 0, y > 0, with 
gcd(x,y) = 1 and let Qo = |N|. Then gcd(Qo, y) = 1. Define Pg by x = —Poy 
(mod Qo), where D = PẸ (mod Qo) and —Qo/2 < Po € Qo/2. 

Let w = (Po + VD) /Qo and let x = QoX — Poy. Then 
(i) X/y is a convergent A, 1/B, 1 of w if x > 0; 
(ii) Qn = (—1)"N/|N]. 


Proof. With Qo = |N|, x = QoX — Poy and x? — Dy? = N, we have 


Pox + Dy = —P2y + Dy = (—P2 + D)y = 0 (mod Qo). 


Hence the matrix 


las] - 


has integer entries and determinant A = +1. For 


y X 


Pox+Dy 
x Qo | 


y(Pox 4- Dy) 
Qo 
(x + Poy)x — y(Pox + Dy) 
Qo Qo 


A = Xx — 


P+R 


Also, if ¢ = VD and w = (Po + VD)/Qo, it is easy to verify that w = QUES 


Then the lemma implies that X/y is a convergent to w. 
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Finally, x= QoX = Poy = QoAn—1 = PoBn—1 = Gn—1 and 


N = x = Dy? = G m DB, = (—1)"QoQn. 


Hence Q, = (—1)"N/|N. 


Remark. The solutions u of u? = D (mod Qo) come in pairs +u,..., -u,, where 
0 < ui € Qo/2, together with possibly u,41 = 0 and u,+2 = Qo/2. Hence we can 
state the following: 


Corollary 4.3.3. Suppose x? — Dy? = N is solvable, with x > 0 and y > 0, 
gcd(x,y) = 1 and Qo = |N|. Let x = —Poy (mod Qo), where Po = +u; 
(mod Qo) and x = QoX — Poy. Then X/y is a convergent Ayn—1/Bn—1 of wi = 
(uj + VD)/Qo or w; = (—u; + VD)/Qo and Q, = (-1)"N/|N|. 


4.3.1 An Algorithm for Solving the General Pells Equation 
(4.1.1) 


In view of the Corollary 4.3.3 we know that the primitive solutions to x? — Dy? = N 
with y > 0 will be found by considering the continued fraction expansions of both 
wi and v for 1 € i € r 4-2. 

One can show that each equivalence class contains solutions (x, y) with x > 0 
and y > 0, so the necessary condition Q, = (—1)"N/|N| occurs in both w; and w5. 
Hence we need only consider w;. 

Suppose that w; = (u; + V D)/Qo = |ao, ..., ai arg; --- ari]. 

If x? — Dy? = N is solvable, there are infinitely many solutions and hence Q, = 
+1 holds for w; for some n in the range t+ 1 < n < t+ l. Any such n must have 
Qn = 1, as (P, + VD) /Q, is reduced for n in this range and so Q, > 0. Moreover, 
if Z is even, then the condition (—1)" = N/|N] is preserved. 

In addition, there can be at most one such n. For if P, = VD is reduced, then 
P, = [VD] and hence two such occurrences of Q, = 1 within a period would give 
a smaller period. 

We also remark that / is odd if and only if the fundamental solution of Pell’s 
equation has norm equal to —1. Consequently, a solution of x? — Dy? = N gives rise 
to a solution of x? — Dy? = —N; indeed we see that if t -- 1 < n € t -- Land k 7» 1, 
then G, L1 + By iua VD = né (Gn—1 + B„,—ı VD), where no is the fundamental 
solution of x? — Dy? = +1. Hence G2,, , — DB2,, , = —(G?_, — DB? 4) if 
N(no) = —1. 

Putting these observations together, we have the following: 


Theorem 4.3.4. Fori < i< r+ 2, let 


wi = (ui + VD)/Qo = (ao, ++ At, cis s). 
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(a) Then a necessary condition for x? — Dy? = N, gcd(x, y) = 1, to be solvable is 
that for some i ini = 1,...,r4-2, we have Q, = 1 for some nint+1 € n < t+, 
where if lis even, then (—1)" N/|N| = 1. 

(b) Conversely, suppose for wi, we have Q, = 1 for some n witht-- 1 nzt-l. 
Then 


(i) If Lis even and (C1) N/|N| = 1, then x? — Dy? = N is solvable and it has 
solution G,..1 + B, 4 VD. 
(ii) If Lis odd, then G,. + B,. 1v D is a solution of x? — Dy? = (—1)"|N 
while G, 41.31 + Bn+1-1 VD is a solution of x? — Dy? = (—-1)|NI. 
(iii) At least one of the Ga—ı + By-1VD with least B,_1 satisfying Qn = 
(—1)"N/|N|, which arise from continued fraction expansions of wi and 
Qj , is a fundamental solution. 


, 


Remarks. 1) Unlike the case of Pell’s equation, Q, = +1 can also occur for n < 
t+ 1 and can contribute to a fundamental solution. If N(7) = 1, one sees that to 
find the fundamental solutions for both x? — Dy? = N, it suffices to examine 
only the cases Q, = +1, n € t + l. However if N(7) = —1, one may have to 
examine the range t+1+1 € n € t 4 2l as well. 

It can happen that / is even and that 3? — Dy? — N is solvable and has solution 
x = +ujy (mod Qo), while x? — Dy? = —N is solvable and has solution x = 
-tujy (mod Qo), with i Z j. (Of course, if |N| = p is prime, this cannot happen, 
as the congruence u? = D (mod p) has two solutions if p does not divide D and 
one solution if p divides D.) 


2 


— 


An example of this is D = 221, N = 217 (see Example 2 later). Then u = 2, 
u> = 33. Also, | = 6 and (2+ /221)/217 produces the solution —2 + /221 of x? — 
221y? = —217, whereas (33 — /221)/217 produces the solution —179 + 12/221 
of x2 — 221y? = 217. 


Example I (Lagrange). x? — 13y? = +101. 
We find the solutions of P2 = 13 (mod 101) are +35. 


(a) We have adt = [0,2,1, 1, 1,1, 1, 6]. 
101 
iJ OJ 1 2.3/|45/6/|7,8 
P;| 35 |—35)11)/—2]3) 1} 2)1) 3 
Qi101|J-12/9|1 4|3|3.4 1 
Ai 0| 1 |1) 2 3/5/|8 13/86 
Bj 1 | 2 |3] 5 |8/13|21|34/225 


We observe that Q3 = Qs = 1. The period length is odd, so both the 
equations x? — 13y? = +101 are solvable. With G, = QoA, — P9B,, we have 


G2=101 - 1 — 34- 3= — 4, xtyV13=— 443/13, x? — 13y?— — 101; 
G;—101.13—35.34—123, x4yV13—123--3413, x?—13y?=101. 
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—35 ++/1 CR EE 
(b) We have SE Sej 1,1,2,4, 1,1, 1,1,6]. 


Ble} A 
= | Ww] oo 


Bi) 1 | 1 | 3 13/|16/29| 45 | 74 | 489 


We observe that Q3 = Qs = 1. Hence 


Ga3—101 - (—1)—(—35) - 3=4, x+yV13=A + 313, x? — 13y? = —101; 
G7=101 - (—23)—(—35) - 74=267, x--y/13—2074-74V/13, x? 137—101. 


Hence —4 + 3/13 and 123 + 34/13 are fundamental solutions for the 
equations x? — 13y? = —101 and x? — 13y? = 101 respectively. 
We have n = 649 + 1804/13, so the complete solution of x? — 13y? = —101 
is given by x + y/13 = +n” (+4 + 3/13), n € Z, while the complete solution 
of x? — 13y? = 101 is given by x + yv/13 = +n"(+123 + 34/13), n € Z. 
Example 2. x? — 221y? = +217. 
We find the solutions of P2 = 221 (mod 217) are +2 and +33. 


2+ 221 
217 


(a) We have = [0, 12, 1,6, 2,6, 1, 28]. 


i|0|/1/2]3.4 5 6 7 
Pj 2 |-214]11|13| 13 | 11 | 14 
Q;\217) 1 |25 4) 13} 4 | 25 1 
A; 0} 1|1/7/15, 97 | 112 | 3233 
B;| 1 |12/13/901193/|1248 1441 |41596 


We observe that Q1 = Q7 = 1. The period length is even and (—1)’ = —1. 
Hence the equation x? — 221y? = —217 is solvable. 


Go = 217-0-2-1=-2 


. x+yv221 = —2 + V221, x? — 2215? = —217. 


i| O 1 |2/|3|45|6|7|8 
P;| 33|—3313]5|7,8, 7 314 
Q;|101)—10} 9 (6,5 3|10/7/9 


We see that the condition Q, = 1 does not holds for 3 < n < 8. 
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4.4 Solving the General Pell’s Equation 


4.4.1 The PQa Algorithm for Solving Pell's and Negative 
Pell's Equations 


This algorithm is at the heart of all the algorithms to solve Pell's equations presented 
here. The input to the algorithms is three integers, D, Po, Qo, where D > 0 is nota 
square, Qo > 0, and P2 = D (mod Q»). Recursively compute, for i > 0 


aj = int(P; + VD)/Qi, 
Pi41 = aiQi — Pi, 


and 


Qi = (D- P44)/Q.. 


Also compute G; and B; as follows. Begin with G_z = —Po, G_; = Qo, B. 2 = 
1, and B. , = 0. Then for i > 0, set G; = a;G;_1 +G;_2, and set B; = ajB;_1+Bj_2. 
Sometimes one also computes A; as A_2 = 0, A_1 = 1, and A; = ajA;_1 + Aj 2 for 
i = 0. Then Gi = QoAi ~ PoB;. 

Note that G? — DB? = (—1)'t!Q;41Qo. This relation will be important to us 
because all of the methods of solution we discuss will involve setting Qo = |N], 
and finding those i so that (—1)'*1Q;,; = N/|N|. Then (G;, Bi) will be a solution 
to the equation being considered. From a computational viewpoint, also note that, 
in some sense, G; and B; will typically be large, while Qo and Q;+, will be small. 
So this equation sometimes allows accurate computation of the left-hand side when 
numbers on the left-hand side exceed the machine accuracy available. Exactly how 
far to carry these computations is discussed with each use below. 

The sequence a; is the simple continued fraction expansion of (Po + J D)/ Qo, 
and the A;/B; are the convergents to this continued fraction. Each of the sequences 
Pi, Qi, and aj is periodic from some point, although not necessarily the same point 
for all three. Starting from the right point, the periodic part of the sequence P; is 
palindromic. For each of the sequences Q; and a;, the periodic part, less the last 
term, is palindromic. 

To solve the equation x? — Dy? = +1, apply the PQa algorithm with Po = 0 and 
Qo = 1. There will be a smallest i with a; = 2ao, which will also be the smallest 
i > 0 so that Q; = 1. There are two cases to consider: this i is odd, or this i is even. 

If this i is odd, then the equation x? — Dy? — —1 has solutions. The minimal 
positive solution is given by x = G;_1, y = Bj..,. For any positive integer k, if k 
is odd then x = Gy_1, y = By. is a solution to the equation x? — Dy? = —1, 
and all solutions to this equation with x and y positive are generated this way. If k 
is an even positive integer, then x = Gy; 1, y = Byj_1 is a solution to the equation 
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x? — Dy? — 1, and all solutions to this equation with x and y positive are generated 
this way. The minimal positive solution to x? — Dy? = 1 is x = Gz;—1, y = B»j 4. 

If the smallest i so that a; = 2ao is even, then the equation x? — Dy? = —1 does 
not have any solutions. For any positive integer k, x = Gy; 1, y = Bki—1 is a solution 
to the equation x? — Dy? — 1, and all solutions to this equation with x and y positive 
are generated this way. In particular, the minimal positive solution to x? — Dy? — 1 
is x = Gi-1, y= By. 

The sequences P; and a; are periodic with period i after the zero-th term, i.e., 
the first period is P, to P; for the sequences P;, and a4 to a; for the sequence qj. 
The sequence Q; is periodic starting at the zero-th term, i.e., the first period is Qo to 
Qi-i. 

In Sections 3.2-3.5 and 3.6, respectively, we give several methods to generate 
all solutions to either Pell's and negative Pell's equations once the minimal positive 
solution is found. 


4.4. Solving the Special Equations x? — Dy? = +4 


In some ways, solutions to the equation x? — Dy? = +4 are more fundamental than 
solutions to the equation x? — Dy? = +1. The most interesting case is when D = 1 
(mod 4), so we cover that first. 

When D = 1 (mod 4), apply the PQa algorithm with Pp = 1 and Qo = 2. There 
will be a smallest i > O so that a; = 2aọ — 1. This will also be the smallest i > 0 
so that Q; = 2. The minimal positive solution to x? — Dy? = +4 is then x = Gj_1, 
y = B;_ 1. If i is odd, it will be a solution to the —4 equation, while if i is even it 
will be a solution to the 4-4 equation and the —4 equation will not have solutions. 
Periodicity of the sequences P;, Q;, and a; is similar to that for the +1 equation. 

If D = 0 (mod 4), then for any solution to x? — Dy? = +4, x must be even. 
Set X = x/2, set Y = y, and solve X? — (D/4)Y? = +1. If (X, Y) is the minimal 
positive solution to this equation, then x — 2X, y — Y is the minimal positive 
solution to x? — Dy? = +4. Alternatively, one can apply the PQa algorithm with 
Po = 0 and Qo = 2. If i is the smallest index so that a; = 2ao, then the minimal 
positive solution is (G; 1, Bj. .1). 

If D = 2 or 3 (mod 4), then by considerations modulo 4 one can that both x 
and y must be even. Set X = x/2, set Y = y/2, and solve X? — DY? = +1. If 
(X, Y) is the minimal positive solution to this equation, then x — 2X, y — 2Y is the 
minimal positive solution to x? — Dy? = +4. Alternatively, use the PQa algorithm 
with Py = 0 and Qo = 1, but set G. 9 = 0, G_, = 2, B. 4 = 2, and B. , = 0. 
If i is the smallest index so that a; = 2ao, then the minimal positive solutions is 
(Gi-1, Bi-1). 

As with the +1 equation, all solutions can be generated from the minimal positive 
solution. Consider first the equation x? — Dy? — 4. If (x1, y1) is the minimal positive 
solution to this equation, then for the n-th solution we have 
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1 
Xn Ty VD = —— (x1 +yı VD)” 


2n—1 
(4.4.1) 
1 
Xn — y, V D = g! zu yx V Dy. 
Therefore 
(s SE) (==) 
Xn = n a si + = i. == = 
2 2 
(4.4.2) 
o 1 xı +yı VD xı — yı VD 
Yn JD 2 2 . 
We also have the recursion 
1 
Xn+1 = Pia + Dyis) 
(4.4.3) 


1 
Yn+1 = gU + xiya) 


The relations (4.4.3) could be written in the following useful matrix form 


ps E! (* 2) (*) (444) 

Yn+1 2 NY1 X1 Yn 

DT 445) 
Yn 2" \ y1 X Yo 


where (xo, yo) = (2, 0) is the trivial solution. 


We can express all integer solutions to the positive equation by the following 
formula 


from where 


1 D n 
z(a + va VD) = En (st?) , neZ, (4.4.6) 


2 
where &, is 1 or —1. Indeed, for n > 0 and e, = 1 we get all negative solutions. 
For n > 0 and &, = —1 we obtain all solutions (un, Yn) with u, and v, negative. 
For n < 0 and e, = 1 we have (un, Yn) with un > 0 and v, < 0, while n < 0 
and €, = —1 gives un < 0 and v, > 0. The trivial solutions (2, 0) and (—2, 0) are 


obtained for n = 0. 
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Formula (4.4.6) captures all symmetries of equation (u,v) — (—u,—v), 
(u,v) > (u, —v), (u,v) — (—u, v). Therefore, in 2D the points (un, Un) represents 
the orbits of the action of the Klein four-group Z2 X Za, i.e., points obtained by the 
180 degree rotation, the vertical reflection, and by the horizontal reflection. 

Now suppose the equation x? — Dy? = —4 has solutions, let (x1, y1) be the 
minimal positive solution, and define xn, y, by the equation x, + y, VD = [(x1 + 
yı VD)"|/(2"-!). Then if n is odd, (xn, yn) is a solution to the equation x? — Dy? = 
—4, and if n is even then (xn, Yn) is a solution to the equation x? — Dy? = 4. All 
positive solutions to these two equations are so generated. The pair (xn, Yn) in (4.4.2) 
also alternately generates solutions to the +4 and —4 equation. 

The set of solutions can be summarized as follows. 


Theorem 4.4.1. Let (x1,y1) be the minimal positive solution to x? — Dy? = +4. 
Then for any solution to x? — Dy? = +4, there is a choice of signs + and —, and an 
integer n such that 


je +yvD) =+ Gea . (4.4.7) 


In some ways, the equation x? —Dy? = +4 is more fundamental than the equation 
x? — Dy? = +1. The numbers 1 and 4 are the only N’s so that, for any D, if you know 
the minimal positive solution to the equation x? — Dy? = +N, you can generate all 
solutions, and you can do this without solving any other Pell's equation. Also, if 
you know the minimal positive solution to x? — Dy? = +4, you can generate all the 
solutions to x? — Dy? = +1. But the converse does not hold. The best that can be said 
as a converse is that for D not 5 or 12, the solutions to the equation x?— Dy? — c4 
can be derived from the intermediate steps when the PQa algorithm is used to solve 
the equation x? — Dy? = +1. 

When D = 1 (mod 4), considerations modulo 4 show that for any solution to 
x? — Dy? = +4, x and y are both odd or both even. If the minimal positive solution 
has both x and y even, then all solutions have both x and y even. In this case, every 
solution to x? — Dy? = +1 is just one-half of a solution to x? — Dy? = +4. If the 
minimal positive solution to x? — Dy? = +4 has both x and y odd, then D = 5 
(mod 8), every third solution has x and y even, and all other solutions have x and 
y odd. In this case, every solution to x? — Dy? = +1 is just one-half of one of the 
solutions to x? — Dy? = +4 that has both x and y even. When D = 1 (mod 4), the 
equation x? — Dy? = —4 has solutions if and only if the equation x? — Dy? = —1 
has solutions. 

When D = 0 (mod 4), considerations modulo 4 show that for any solution to 
x? — Dy? = +4, x is even. If the minimal positive solution has y even, then all 
solutions have y even (and x is always even). In this case, every solution to x? — 
Dy? = +1 is just one-half of a solution to x? — Dy? = +4. If the minimal positive 
solution to x? — Dy? = +4 has y odd, then every other solution has y even, and 
every other solution has y odd. In this case, every solution to x? — Dy? = +1 is 
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just one-half of one of the solutions to x? — Dy? = +4 that has x and y both even. 
When D = 0 (mod 4), it is possible for these to be solutions to x? — Dy? = —4, 
but not solutions to x? — Dy? = 1. This happens for D = 8, 20, 40,52 and many 
more values. Of course, x? — Dy? = —1 never has solutions when D = 0 (mod 4). 

When D = 2 (mod 4) or D = 3 (mod 4), all solutions to x? — Dy? = +4 have 
both x and y even. Every solution to x? — Dy? = +1 is just one-half of a solution 
to x? — Dy? = +4. The equation x? — Dy? = —4 has solutions if and only if the 
equation x? — Dy? — —1 has solutions. 

The cases D = 1 (mod 4) for D squarefree, and D = 4r for r = 2 or 3 
(mod 4), r squarefree, are treated in [53]. The material we have presented above 
is not addressed directly in either [159] or [142]. For example, the proof that the 
method for solving the equation works in the case d = 1 (mod 4) is not trivially 
derived from the material in one or both of these sources. 


Remark. Concerning the equation x? — Dy? — —4 the following conjecture is still 
open: Let p be a prime = 1 (mod 4) and let (x1, y1) be the fundamental solution to 
the equation x? — py? = —4. Then yı Z 0 (mod p). 


This has been verified for all primes p « 2000 with p = 5 (mod 8) and for 
all primes p < 100000 with p = 1 (mod 8). Also, it has been shown that y; Æ 0 
(mod p) if and only if B pot # 0 (mod p), where the Bernoulli numbers B, are 
defined by the series 


4.4.3 Structure of Solutions to the General Pell's Equation 


As we have seen in Section 4.1, if (r,s) is a solution to x? — Dy? = N, and (t, u) 
is any solution to its Pell's resolvent, then for x = rt + Dsu, y = ru + st, (x, y) 
is a solution to the equation x? — Dy? — N. This follows from the multiplication 
principle: 


(r? — Ds?)(? — Du?) = (rt + Dsu — D(ru + st*. 


This fact can be used to separate solutions to x? — Dy? = N into equivalence 
classes. Two solutions (x, y) and (r,s) are equivalent if there is a solution (t, u) to 
t — Du? = 1 so that x = rt + Dsu and y = ru + st. 

It may help to view the set of solutions geometrically. If N > 0, then, as an 
equation in real numbers, x? — Dy? = N is a hyperbola with the x-axis as its axis, 
and the y-axis as an axis of symmetry. The asymptotes are the lines x + y/D = 0. 
Let (t,u) be the minimal positive solution to x? — Dy? = 1. Draw the graph of 
x? — Dy? = N over the reals. Mark the point (/N,0), which is on this graph. 
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Now mark the point (t/N, uv/N ), which is also on the graph. Continue marking 
points so that if (x, y) is the most recent point marked, then the next point marked is 
(xt + Dyu, xu + yt). All of the points marked so far, apart from the first, have x > 0 
and y > 0. Now, for each point (x, y) that has been marked, mark all of the points 
(+x, +y) not yet marked. 

The marked points divide the graph into intervals. Make the interval 
((VN, 0), (tV/N, uv/N)| a half-open interval, and then make the other intervals 
on this branch half-open by assigning endpoints to one interval. Make the intervals 
on the other half-open by mapping (x, y) in the right branch to (—x, —y) on the left 
branch. If there are integer solutions to x? — Dy? — N, then 


1) No two solutions within the same (half-open) interval are equivalent, 
2) Every interval has exactly one solution in each class, and 
3) The order of solutions by class is the same in every interval. 


Instead of starting with the point (VN , 0), we could have started with any point 
(r,s) on the graph, and marked off the points corresponding to +(r + sVD)(t + 
uv D)". The above three comments still apply. 

The situation is similar in the case N < 0, except that the graph has the y-axis 
as its axis, and the x-axis is an axis of symmetry. If the negative Pell's equation 
x? — Dy? = —1 is solvable, then any of its solutions can be used to generate a 
correspondence between solutions to x? — Dy? = N and x? — Dy? = —N. 

Within a class there is a unique solution with x and y nonnegative, but smaller 
than any nonnegative solution. This is the minimal nonnegative solution for the 
class. There is also either one or two solutions so that y is nonnegative, and is less 
than or equal to any other nonnegative y in any solution (x, y) within the class. If 
there is one such solution, it is called the fundamental solution. If there are two such 
solutions, then they will be equivalent and their x-values will be negatives of each 
other. In this case, the solution with the positive x-value is called the fundamental 
solution for the class. 

When tabulating solutions, it is usually convenient to make a list consisting of 
one solution from each class. Often, this list will consist of the minimal nonnegative 
solutions, or the fundamental solutions. Given any solution in a class, it is easy to 
find the fundamental solution or the minimal nonnegative solution for that class. 

The results are summarized in the following 


Theorem 4.4.2. Given any solution in a class, all solutions in that class are derived 
from solutions to the equation x? — Dy? — 1. If (r,s) is any particular solution to 
x? — Dy? — N, (x, y) is any other solution to the same equation in the same class as 
(r,s) and if (ty, u1) is the fundamental solution to the Pell’s resolvent, then for some 
choice of signs + and —, and for some integer n 


x+yVD = +(r+ sVD) (tj + ui v Dy. (4.4.8) 


We can write formulas similar to those presented for cases N = +1 and N = +4 
in Section 4.4.2. 
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44.4 Solving the Equation x? — Dy? = N for N < VD 


When 1 < N? < D, apply the PQa algorithm with Po = 0, Qo = 1. Continue the 
computations until you reach the first i > 0 with G? — DB? = 1 (i.e., Q:41 = 1 and 
i+ 1 is even). For 1 < j < i, if G? — DB? = N/f? for some f > 0, add fG;, fB; to 
the list of solutions. When done, the list of solutions will have the minimal positive 
member of each class. 

The list of all solutions can be generated using the methods of the previous 
section. Alternatively, all positive solutions can be generated by extending the PQa 
algorithm indefinitely. 


4.45 Solving the Equation x? — Dy? = N by Brute-Force 
Search 


Let (t, u) be the minimal positive solution to x? — Dy? = N. If N > 0, set y; = 0, 
t — 1)N LN t+1)|N 

and yg = ee, If N < 0, set yı = 2 and yo = EM, For 

yı € y € yo, if N + Dy? is a square, set x = ,/N + Dy?. If (x, y) is not equivalent to 

(—x, y), add both to the list of solutions, otherwise just add (x, y) to the list. When 

finished, this list gives the fundamental solutions. 


(t x 1)|N] is 


This method works well if y» is not too large, which means that 3D 


not too large. Hence it suffices to search between the bounds y; and yo. 
To generate all solutions be performing this algorithm, refer to the structure of 
solutions of general Pell's equation given in Section 4.4.3. 


4.4.6 Numerical Examples 


In order to see how the algorithms that we have presented work, we will examine a 
few numerical examples. Computations were done by using MATHEMATICA. 


Example I. Consider the equations 


x? — 109y? = 1. 


Apply the PQa algorithm with Pp = 0 and Qo = 1. The following table gives the 
index, i, and then the several calculated quantities for i = —2 to 30. 
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i P; Qi a; Gi B; G? — 1098? 
—2 0 1 —109 
—1 1 0 1 

0 0 110 10 1 —9 

110 9 2 21 2 5 

28538 73 7 —12 

3 712 1 94 9 7 

45 7 2 261 25 —4 

5944 1138 109 15 

6 715 1 1399 134 -3 

7836 9532 913 3 

810 3 6 58591 5612 —15 

9 815 1 68123 6525 4 
107 44 331083 31712 -7 
119 72 730289 69949 12 
12 512 1 1061372 101661 —5 
13 75 3 3914405 374932 9 
14 8 9 2 8890182 851525 -1 
1510 120 181718045 17405432 9 
1610 9 2 372326272 35662389 —5 
178538 1298696861 124392599 12 
18 712 1 1671023133 160054988 = 
19 5 7 2 4640743127 444502575 4 
20 944 20233995641 1938065288 —15 
21 715 1 24874738768 2382567863 3 
22 8 3 6 169482428249 16233472466 -3 
2310 3 6 1041769308262 99783402659 15 
24 815 1 1211251736511 116016875125 —4 
25 7 4 4 5886776254306 563850903159 7 
26 9 7 2 12984804245123 1243718681443 —12 
27 512 1 18871580499429 18075659584602 5 
28 7 5 3 69599545743410 6666427435249 —9 
29 8 9 2 158070671986249 15140424455100 1 
30 10 1 20 3231012985468390 309474916537249 —9 


We have ag. = 10, and the first i so that a; = 2aọ is i = 15, at which point 
aı5 = 20. Hence the period of a; is 15, which is odd, and so the equation x? 
109y? = —1 has solutions. The minimal positive solution to x? — 109y? = —1 is 
x = 8890182, y = 851525. The minimal positive solution to x? — 109y? = 1 is 


x = 158070671986249, y = 15140424455100. 


Example 2. Let us examine now the equations 


x? — 109? = +4. 


As D = 1 (mod 4), apply the PQa algorithm with Po = 1 and Qo = 2. The 
following table gives the index, i, and the standard quantities for i — —2 to 14. 


82 


11 310 
127 6 
13 514 
149 2 


© 
[V 
QQ HB on HB MH Qo Hn NM H| H NE O 


73 
188 
261 

2537 
2798 
8133 
10931 
19064 
49059 
68123 
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B; G? — 109B? 

1 —108 

0 4 

1 —28 

1 12 

3 —20 

4 20 

7 —12 

18 28 
25 —4 
243 28 
268 —12 
779 20 
1047 —20 
1826 12 
4699 —28 
6535 4 


662166 63424 


We have ag = 5, and the first i so that a; = 2ag—1isi = 7, at which point a7 = 9. 
Hence the period of a; is 7, which is odd, and so the equation x? — 109y? = —4 has 
solutions. The minimal positive solution to x? — 109y? — —4 is x — 261, y — 25. 
The minimal positive solution to x? — 109y? — 4 is x — 68123, y — 6525. 


Note that the third solution to x? — 109y? = 4 


-4 can be computed from 


1 
nos + 25/109)? = 17780364 + 1703050 /109. 


Upon dividing by 2, we get the minimal positive solution x = 8890182, 
y = 851525 to negative Pell's equation x? — 109y? = — 1. 


Example 3. Consider the equation 


x? —129y? = —5. 


From Theorem 4.1.4 it follows that if this equation is solvable, then it has exactly 


two classes of solutions. 


Here N < VD. Apply the PQa algorithm with Po = 0, Qo = 1. 


i Pj Qi ai 
—2 


00 111 
1118 2 
2 513 1 
3.853 
4 716 1 
5936 
6 916 1 
775 3 
8 813 1 
9 5 8 2 
0 


Gi 

0 

1 

11 
23 
34 
125 
159 
1079 
1238 
4793 
6031 
16855 


B; 
T 


0 
1 
2 
3 
11 

14 

95 
109 
422 


531 
1484 


11 1 22 376841 33179 


G? — 1298? 
—129 
1 

—8 
13 
—5 
16 
-3 
16 
—5 
13 
—8 

1 

—8 
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The only f > 0 so that f? divides —5 is f = 1. Reviewing the above for G? — 
1298? = —5, we find solutions (x, y) equal to (34,3) and (1238,109). Thus, there 
are two classes of solutions, and these are the minimal positive solutions for these 
classes. 


Example 4. Let us use the brute-force search method to find the fundamental 
solutions of 


xX — 6ly? = 15. 


The minimal positive solution to Pell’s resolvent x? — 6ly? = 1 is x = 
1766319049, y = 226153980. As N = 15 is positive, the lower search limit for 
y is O, and the upper limit is 


TEETE — 1) 


2«81 = 14736, 702. 


So we search on y from 0 to 14736. Only y = 11 and y = 917 yield solutions, so 
the four fundamental solutions are x = +86, y = 11, and x = +7162, y = 917. 


Example 5. For the same equation above, we will apply now the LMM algorithm 
given in Section 4.3. 

The only f > 0 so that f? divides 15 is f = 1. Set m = 15. The z’s with 
—15/2 < z € 15/2 and z? = 61 (mod 15) are z = +1, z = +4. 

Upon performing the PQa algorithm with Po = 1, Qo = 15, and d = 61, the first 
Qi = +1 occurs at Q9 = 1. The corresponding solution has x = Gg = 2593 and 
y = Bg = 332. For this (x, y), x? — 61y? = —15. The equation x? — 61y? = —1 is 
solvable and the minimal positive solution is x = 29718, y = 3805. Applying this 
to the solution (2593, 332) gives the solution x = 154117634, y = 19732741 to the 
equation x? — 61y? = 15. This is equivalent to the fundamental solution (—86, 11). 

Performing the PQa algorithm with Pp = —1, Qo = 15, and d = 61, gives the 


first Q; = +1 at Q4 = 1, yielding the fundamental solution (86, 11) to the equation 
x? — 6ly? = 15. 

Performing the PQa algorithm with Po = 4, Qo = 15, and d = 61, gives the 
first Q; = +1 ate Qio = 1, yielding the fundamental solution (7162, 917) to the 


equation x? — 61y? = 15. 

Performing the PQa algorithm with Pp = —4, Qo = 15, and d = 61, gives the 
first Q; = +1 at Q3 = 1, yielding the solution (31, 4) to the equation x? — 61y? = 
—15. Applying the minimal positive solution to x? — 61y? — —1 gives the solution 
x = 1849678, y = 236827 to the equation x? — 615? = 15. This is equivalent to the 
fundamental solution (—7162, 917). 
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4.5 Solvability and Unsolvability of the Equation 
ax? — by? —c 


Using the results in our papers [13, 14] and [17] we will present two general methods 
for solving the equation 


ax? — by? — c. (4.5.1) 


We will also give sufficient conditions such that equation (4.5.1) is unsolvable 
in positive integers. In the special case c — 1, the equation (4.5.1) was studied in 
Section 3.5. 

The equation (4.5.1) is also considered in the recent paper [114], where a, b, c are 
positive integers with gcd(a, b) — 1. The author showed that if (4.5.1) is solvable, 
then it has infinitely many positive integer solutions. But his result is in fact a variant 
of the multiplication principle. 

The following result given in [172] completely solves the problem of determining 
all solutions to equation (4.5.1). 


Theorem 4.5.1. Let a,b be positive integers such that gcd(a,b) = 1 and a is 
squarefree, and let c be a nonzero integer. Denote D — ab, N — ac. Then (u,v) 
is a solution to the general Pell's equation 


u? — Dv? =N (4.5.2) 


if and only if (5. v) is solution to (4.5.1). 
a 


Proof. Let (x, y) be a solution to (4.5.1). It follows that (ax)? — aby? = ac, so (ax, y) 
is a solution to the associated general Pell’s equation (4.5.2). 

Conversely, if (u, v) is a solution to (4.5.2), from the relation u? — abv? — ac we 
obtain a|u?. Taking into account that a is squarefree it follows that a|u. Therefore 
u = aja and (a1a)? — abv? = ac yield aa? — bv? = c, i.e., (5.v) is a solution 

a 
to (4.5.1). 


Remarks. 1) From the above result it is clear that (4.5.1) is solvable if and only if 
the associated general Pell’s equation (4.5.2) is solvable. 

2) The assumption that a is squarefree is not a restriction. Indeed, if a = ain? 
and a, is squarefree, then the equation (4.5.1) becomes aX? — by? — c, where 
X = mx, i.e., an equation of the same type. 

3) In order to solve (4.5.1) we determine all solutions (u, v) to the general Pell's 


equation (4.5.2). The desired solutions are given by (5. vj. 


The equation (4.5.1) is strongly connected to the general Pell’s equation (4.5.2) 
and to the Diophantine equation 


as? — bt? = 1. (4.5.3) 
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The solvability of these three equations is studied in the following theorem [17]: 
Theorem 4.5.2. Suppose that gcd(a, b) = 1 and ab is not a perfect square. Then: 


1) If the equations (4.5.2) and (4.5.3) are solvable, then (4.5.1) is also solvable and 
all of its solutions (x, y) are given by 


x = sou + btgv, y = tou + asov (4.5.4) 


where (u,v) is any solution to (4.5.2) and (Soọ,tọ) is the minimal solution to 
(4.5.3). 

2) If the equations (4.5.1) and (4.5.3) are solvable, then (4.5.2) is also solvable. 

3) If the equations (4.5.1) and (4.5.2) are solvable and there exist solutions (x, y), 
(u, v) such that 


ux — buy d —aux + uy 
Iu Um. OW u—— s e. 


Cc C 


are both integers, then (4.5.3) is solvable. 
Proof. 1) We have 


ax? — by? = a(sou + btov)? — b(tou + asov)? = 


= (ase — bff) (u? — abv?) =1-c=c, 


and it follows that (x, y), given in (4.5.4), is a solution to the equation (4.5.1). 

Conversely, let (x, y) be a solution to (4.5.1), and let (so, fo) be the minimal 
solution to the equation (4.5.3). Then (u,v), where u = asox — btoy and v = 
—tox + soy is a solution to the general Pell's equation (4.5.2). Solving the above 
system of linear equations with unknowns x and y yields x = sou + btov and 
y = tou + asov, i.e., (x, y) has the form (4.5.4). 

2) If (x, y) and (s, f) are solutions to (4.5.1) and (4.5.3), respectively, then (u,v), 
with u = asx — bty and v = —tx + sy is a solution to (4.5.2). Moreover, each 
solution to (4.5.2) is of the above form. Indeed, if (u, v) is an arbitrary solution 
to (4.5.2), then (x, y), where x = su + btv and y = tu + asv, is a solution to 
(4.5.1). Thus, solving the above system of linear equations in u, v, it follows that 
u = asx — bty and v = —tx + sy. 

3) Let (x, y) and (u, v) be solutions to (4.5.1) and (4.5.2), respectively, for which 

—auvx + uy 


EZ and t= —————- EZ. 
Cc c 


| ux — buy 


Then (s, f) is a solution to (4.5.3). 


Remarks. 1) The equation 8x? — y? — 7 is solvable and all of its solutions were 
determined in Section 4.1. For this equation, the associated equations (4.5.2) and 
(4.5.3) are u? — 8v? = 7 and 8s? — 7? = 1, respectively. It is interesting to see 
that both these equations are unsolvable. 
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2) In case of solvability of equations (4.5.2) and (4.5.3), the formulas (4.5.4) point 
out an alternative way to express the solutions to equation (4.5.1). 


Theorem 4.5.3. Let a,c be relatively prime positive integers, not both perfect 
squares, and let b and d be integers. The equation 


ax? — cy? — ad — bc (4.5.5) 


is solvable if and only if the numbers an + b and cn + d are perfect squares for some 
positive integer n. In this case, the number of such n's is infinite. 


Proof. If (xo, yo) is a solution to the equation (4.5.5), then by Theorem 4.5.2, 
s Ym)m>0> where 


Xm = XoUm + Cy0Um,; Ym = AX0Um + Youn (4.5.6) 


are solutions to this equation. Here (Um, Um )m>0 denotes the general solution to 


Pell’s equation u? — acv? = 1. 
Then ax? — cy2, = ad — bc, m = 0,1,2,..., hence 
a(x? —d)=c(y2,-—b), m=0,1,2,... (4.5.7) 


Since a and c are relatively prime, from (4.5.7) it follows that a|y2, — b and 
ex; —d meu. 1393... Let 


m 


2 2 d 
nm = = , m=0,1,2,... (4.5.8) 
Clearly, nm is a positive integer for each m and 
anm +b = y2, Cnm +d = xi, m=0,1,2,... 


i.e., the numbers an + b and cn + d are simultaneously perfect squares for infinitely 
many positive integers n. 

If the equation (4.5.5) is not solvable in positive integers, then an + b and cn +d 
cannot be both perfect squares. Indeed, if we assume that there is a positive integer 
no such that ano + b = yê and cno + d = x? for some positive integers xo, yo, then 
by eliminating no it follows that ax? — by? = ad — bc, in contradiction with the 
unsolvability of equation (4.5.5). 


Theorem 4.5.4. Let a and b be positive integers such that for all positive integers 
n, an + b is not a perfect square. Then the equations 


ax? — (am-Fvg)y! =c, m=0,1,2,... (4.5.9) 


and 
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(am + wo)? — ay? =c, m=0,1,2,... (4.5.10) 


are not solvable in positive integers. Here c is a nonzero integer and (uo, vo) and 
(wo, so) are the minimal solutions to the equations au — bv = c and bw — as = c, 
respectively. 


Proof. The general solutions to the linear Diophantine equations au — bv = c and 
bw — as = c are (Um, Um)m>0 and (Wm, Sm)m>0, respectively, where 


Um = ug +bm, Vm — v9 tam and Wm — wg d- am, Sm = so 4- bm 


(see [198]). Assume now that equation (4.5.9) is solvable and let (x, y) be a solution. 


Then ax? — (am -vo)y? = c. But by considerations above, c = dum — bum. It follows 
that 
2 F 
ax” — (am + vo)y^ = aum — bUm, 
hence the equation (4.5.3), where d = um and c = um is solvable. From 


Theorem 4.5.3 we obtain that an + b is a perfect square for some n, in contradiction 
with the hypothesis. 


Example 1. The numbers 10n+3 are not perfect squares, n = 0, 1, 2, . . .. Choosing 
c = 1, we find the minimal solutions to the equations 10u — 3v = 1 and 3w — 10s = 
1. They are (1,3) and (7,2), respectively. From Theorem 4.5.4 it follows that the 
equations 


10x? — (10m + 3)? =1 and (10m+7)x?-10y?=1, m=0,1,2,... 


are not solvable. 


Remark. In many situations it is not easy to find the minimal solutions (uo, vo) and 
(wo, so) to the equations au — bv = c and bw — as = c, respectively. In this cases 
we may replace (uo, vo) and (wo, so) by any solution to the above equations and the 
results in Theorem 4.5.4 remain true. 


Example 2. The numbers 5n + 2 are not perfect squares for any positive integer 
n. The equations 5u — 2v = c and 2w — 5s = c have (c, 2c) and (3c, c) among 
their solutions, respectively. It follows that um = c + 2m, Um = 2c + 5m, and 
Wm = 3c + 5m, Sm = c + 2m, m = 0,1,2,.... 

From Theorem 4.5.3 we obtain that the equations 


5x —(5m--2c)?? 2c and (5m+3c)x°—5y?=c, m=0,1,2,... 


are not solvable. 


Example 3. In a similar manner, starting with the nonsquare numbers 3n + 2, n = 
0,1,2,..., we deduce that equations 
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3x?—(3m--c)) =c and (3m-+2c)x7-—3y? =c, m=0,1,2,... 


are not solvable in positive integers. 
There are many situations in which the unsolvability of an equation of the type 
(4.5.1) can be proven by using modular arithmetics arguments. 


Example 4 ([193]). The equation 
(4m + 3)x? — (4n+1)y? =1 


where m and n are positive integers, is not solvable. 
Indeed, x”, y? = 0 or 1 (mod 4) and so (4m + 3)x? = 0 or 3 (mod 4) and 
(4n + 1)y? = 0 or 1 (mod 4). By combining the residues, we obtain 


(Am + 3)x? — (4n + 1)? #1 (mod 4). 
Example 5 ([192]). In a similar manner, we can prove that equations 
(4k + 2)x? — (Al--3)y? 21 and Ym? —(7n+1)y? =1, 


where k, l and m, n are positive integers, are also not solvable. 
A criterion for solvability (unsolvability) for a class of general Pell’s equations 
is given in [100] (see also subsection 4.2.4). 


Theorem 4.5.5. For N a squarefree integer, the equation 
x? — 2y =N (4.5.11) 


is solvable if and only if it is solvable modulo N. 


Proof. By multiplicativity, it suffices to show that x? — 2y? = N has a solution for 
N = —1, N = 2, and N = p for p an odd prime such that 2 is congruent to a square 
modulo p. For N = —1, use 1? — 2. 1? = —1; for N = 2, use 2? — 2. 1? = 2. 
Now suppose p is an odd prime such that 2 is congruent to a square modulo p. 
Find x, y such that x? — 2y? is divisible by p but not by p? (if it is divisible by p?, fix 
that by replacing x with x + p). Now form the ideal (x + y v/D, p). Its norm divides 
p? and x? — 2y?, so it must be p. 


Incidentally, one can replace 2 by any integer D such that Q(VD) has unique 
factorization, provided that x? — Dy? = —1 has a solution. It turns out (but is 
by no means obvious!) that unique factorization implies that D is prime, and it is 
believed (but not proved) that Q(VD) has unique factorization for about 75 % of the 
primes D. Moreover, existence of a solution of x? — Dy? = —1 then implies D = 1 
(mod 4), but nor every prime congruent to 1 modulo 4 will work (try D — 5). 
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4.6 Solving the General Pell Equation by Using 
Quadratic Rings 


The main purpose of this section is to present an algorithm for finding all positive 
integer solutions to the general Pell's equation 


x — Dy =k (4.6.1) 


where d is a nonsquare positive integer and k is a nonzero integer. We will follow 
the method described in [76] (see also [171]). 

Let (x, y) be an integral solution of (4.6.1), i.e., x? — Dy? — k. We are going to 
use the results in Section 2.2.2. We have N(j:) = k, where ui = x + V Dy € R. If £o 
is the fundamental unit of the ring R found in Theorem 3.4.1, then we will denote 


_ Jœ if N(eéo) 21 
ek, if N(e9) = —1. 


Then the vectors (1, 1) and /(£) form a base in the linear space R?. Indeed, if 
a(1,1)+6l(e) = 0, with o, 8 € R, then a+ B In |e| = 0 and a+ ln [£| = 0. Since 
ln |ē| = — In |e| Z 0, from the previous two relations it follows that a = 6 = 0. 

If u = x+ yvD € Rand N(p) = k, then k Z 0 implies jj Æ 0, i.e., the vector 
I(1) is well defined in R°. By using the fact that (1, 1) and /(£) form a base in R?, 
we deduce the existence of a, y € R such that /(jj) = a(1, 1) + yi(e). This means 
that 


Inu —o-*»ylnn|e| and lng = a+ yh [p]. 
In particular, it follows that 


In |t = In |N(u)] = In |i] + 1n [zi = 2a + yn |N (9)] = 20, 


In |k| 
a= —— 
2 


In |k] 


and l(a) = > ( 1) + (e). 


Let a be the closest integer to y, and let uo = €71 u. Then u ~ uo and N(uo) = 
N(u) = k. In addition, 


. lajk] 


l(uo) => (b 1) + 71l(£), 


1 
where |71| € 5 and ^, = y — a. Therefore 
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In |k| In |k| 


n|k 
In|uo| = 757 mine and miol = TE pipe = EUH Lane 
(we have used here that € > 1). It follows that 
In |k 1 In |k 1 
mjøl- ZE < Fine and im ig| — “EA! « «I 


The above inequalities can be written as 


k k 
In IH < In |uo| < In elk] and In Lia a < In yelkl. 
E E 
We obtain 


k k 
yE <tuol< VE. ma IH <ms ve. (4.6.2) 

The numbers |/io| and |Zo] can be written as s + tV/D, where s and t are positive 
integers. Since tV D < max|uo|, |Zig|} € elk], we have 


k 
f< 2 and s< elk]. (4.6.3) 


We will now describe the actual algorithm. 


Step 1. Search for elements 41, 12, . .. , jj in R of the form s + t/D such that s, t 
are positive integers satisfying inequalities (4.6.3) and N(u;) = k, i = 1,2,...,r. 

From the inequalities (4.6.3) it follows that there are finitely many such j/'s in R. 
This fact also follows from Theorem 2.2.3. 


Step 2. From Theorem 3.4.1 it follows that all elements i, € R with N(j1) = k are 
of the form u = cue! or ji = ciel, for some i € {1,2,...,r} and some integer l. 

Finally, let us mention that we can determine the fundamental unit £j € Rina 
finite number of steps. For this part we refer to Section 3.3, where we employed 
continued fractions. 


4.7 Another Algorithm for Solving General Pell’s Equation 


In what follows we will present a different algorithm for solving the general Pell's 
equation (4.6.1). Our approach is based on the one given in [171] and [95]. 

It suffices to consider solutions (x, y) to (4.6.1) such that the positive integers x 
and y are relatively prime. 
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If |k| < vD, then we apply Theorem 3.3.1. When k 4 (—1)"-!q,,, for all n, 
the equation (4.6.1) is not solvable. When k = (—1)"~+qn41 for some n, the pair 
(hn, kn) is a solution to the general Pell’s equation (4.6.1) and all other of its integral 
solutions are given by 


x+yvD = ( hy k, V D)e, LEZ, 


where is the fundamental solution of the Pell’s resolvent. 


If |k| > VD, then we write k = óko, where 6 = +1 and ko is a positive 
integer. Since x and y are relatively prime, there exist integers xı and y; such that 
xy, — yxy = Ô. 


It follows that 


(x — Dy? — D = (xa — Dy)! — DG — yn)! = 
= (à — Dy”) (xf — Dy?) = k(x? — Dy?) = ôko (x? — Dy?). 


Hence 
(xx, — Dyy1)? — D = 6ko(x} — Dy?). (4.7.1) 


If (xo, yo) is a solution to the equation xy, — yx; = 6, then the general solution 
to this equation is given by 


Xi =X +m and yı =yo +0, t€Z. 
We have 
xx, — Dyy, = xxo — Dyyo + t(x? — Dy”) = xxo — Dyyo + tóko. 
We will choose t such that 


k 
xx — Dyy,| € 


0 
=. 4.7.2 
2 (4.7.2) 
Denoting by / the positive integer |xx1 — Dyy;|, from (4.7.1) we obtain 
P-D 
2 2 
— Dy? = — nh 4.7.3 
xy »1 Öko nh, ( ) 
where 77 = +1 and A is a positive integer. 


k 
Using the inequalities VD < ko andl < 2 from (4.7.3) it follows that 


k2 
i m 
max(D, 2) max { © q j k? 
h < < = = ko. 
ko ko ko 
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If h < ko, then we apply again Theorem 3.3.1 and obtain xı and yı such that 
x? — Dy? = nh. From the equalities xy, — yx = 6 and xx; — Dyy; = cl we deduce 
the following formulas: 


—óDy, £1 —óxi 1 
x= IEEE and y— aa 2 


7 oi (4.7.4) 


Hence the integers x and y can be obtained from the equality 


nh(x + yv D) = (xı + yi1VD)(+1 — 6VD). 
Taking norms in the above equality yields 
1? (x? — Dy?) = (2 — Dy?)(P — D) = nh mh- bko = h?5ko, 
and so x? — Dy? = ókg = k. 
Therefore, if x and y given in (4.7.4) are integers, then (x, y) is a solution to the 
general Pell’s equation (4.6.1). 


If h > VD, then we apply again the described procedure. 
The considerations above can be summarized in the following algorithm. 


Step 1. Find all solutions to the congruence 


P =D (mod ko), 


k 
where lis a positive integer and 0 < I < 2 Denote by l4, /2,...,/, those satisfying 


k 
the inequalities 0 < l < 2s Set 


?—D 
p; —mnh;, i-1,2, D 
where n; = +1 and h; is a positive integer. 


Step 2. If ko < VD, apply Theorem 3.3.1. 
Step 3. If ky > VD, consider the equations 


x? — Dy? = nih;, lD—142,. f. 


From the previous observations we have 0 < h; < ko, i —,1,2...,r. 
Step 4. Fixi € {1,2,...,r}. 


L If ^; < VD, apply Theorem 3.3.1 to get the solutions to the equation x? — Dy? = 
nihi. Then the solutions (x, y) are among those given by 
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—dDy; + lixi —6x; + liyi 
(oe, ead. GS (4.7.5) 
nihi nihi 
Il. If h; > VD, repeat Step 3, replacing ó by n; and ko by hj. Since 0 < h; < ko, 
after finitely many operations we will find all solutions to the given equation. 


Remark. The two algorithms presented in Sections 4.5 and 4.6 are comparable. 
None is superior to the other and, moreover, they complete one another. The 
algorithm in Section 4.5 is preferable for large k’s or large D's. The second is more 
efficient for small K's, for example when k satisfies the inequalities -VD «k« yD 
(see also Subsection 4.3.4). 


4.8 The Diophantine Equation ax? + bxy + cy? = N 


The standard approach to solving the equation 
ax? + bxy + cy? = N (4.8.1) 


in relatively prime integers x, y, is via reduction of quadratic forms, as in [127]. 
There is a parallel approach in [71] which uses continued fractions. 

However, in a memoir of 1770, Lagrange, gave a more direct method for solving 
(4.8.1) when gcd(a, b, c) = gcd(a, N) = 1 and D = b? — 4ac > 0 is not a perfect 
square. This seems to have been largely overlooked. (Admittedly, the necessity part 
of his proof is long and not easy to follow.) 

In [175], equation (4.8.1) is solved when N = +p, where 


: 2 2 
= min |ax* + bxy + cy? |. 
ä e! y | 


The approach is similar to Lagrange's reduction to the case N = +1. 

In the doctoral dissertation [157] the equation (4.8.1) is also discussed, using 
a standard convergent sufficiency condition of Lagrange, which resulted in the 
restriction D > 16, thus making rigorous the necessity part of Lagrange's 
discussion. Only the case b = 0 is discussed in detail, along the lines of [57]. 

The approach using the convergent criterion of Lemma 4.3.1, which results in no 
restriction on D, while allowing us to deal with the non-convergent case, without 
having to appeal to the case u = 1 in [175], whose proof is somewhat complicated. 

The continued fractions approach also had the advantage that it produces the 
solution (x, y) with least positive y from each class, if gcd(a, N) = 1. 

The assumption gcd(a, N) — 1 involves no loss of generality. For as pointed out 
by Gauss in his Disquisitiones (see [95]), there exist relatively prime integers a, y 
such that ao? + bay + c? = A, where gcd(A, N) = 1. Then, if ad — By = 1, the 
unimodular transformation x = aX + BY, y = yX + óY converts ax? + bxy + cy? to 
AX? + BXY + CY?. Also, the two forms represent the same integers. 
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Let us illustrate how we can solve (4.8.1) via the reduction of the quadratic form 
in the left-hand side. By multiplying both sides of (4.8.1) by 4a and completing the 
square we obtain 


(2ax -- by? — Dy? — 4aN, (4.8.2) 


where D = b? — 4ac. Assume that D > 0 and D is not a perfect square. Then 
(4.8.2) is a general Pell's equation. Let (un, Un) be the general solution to its Pell’s 
resolvent u? — Dv? = 1 and let (a, 3) be the fundamental solution of the class K to 
the equation X? — DY? — 4aN (see Section 4.1). Following [39], we have: 


Theorem 4.8.1. All integer solutions (Xn, Yn)n>1 to (4.8.1) are given by 


(a — bB)u, — (ba — DB) vy 
2a (4.8.3) 


Xn = 


Yn = Bus + Un, 


where (Un, Un)n>1 is the solution to the Pell's resolvent, and (a, B) is the fundamen- 
tal solution of the class K. 


Proof. Let X = 2ax + by, Y = y, and N; = 4aN. By Theorem 4.1.3, we obtain the 
general solution to X? — DY? = Ni 


X, = au, DBv, and Y, = Buy + Avy. 
Solving the linear system 


{ 2ax, + by, = aug + Dv, 
Yn = Bus T QUU 


we get the formulas (4.8.3). 
Now let us show that x, is an integer. To prove this, it is enough to show 2a | 
a — b and 2a | ab — BD. Indeed, we have a — b8 = 2ax and 


ab — BD = ab— B(b? —4ac) = (a.— bB)b--4acB = 2axb+4acB = 2a(xB --2cff), 


and the properties follow. 

Example. The equation in Example 5, page 54, in the book [22] is reduced to 
x? 5xy +y = —3. (4.8.4) 

In the reference [22] the equation (4.8.4) is solved by Fermat's method of infinite 

descent. Let us illustrate the method in Theorem 4.8.1 for finding the solutions to 


(4.8.4). The equation (4.8.4) is equivalent to 


(2x — 5y)? — 21? = —12. 
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Let X = 2x—5y and Y = y. We obtain the general Pell's equation X? —21Y? = —12. 
The Pell’s resolvent u? 21v? = 1 has the fundamental solution (u1, v1) = (55,12), 
hence its general solution (un, Un)n>1 is given by un + v,v 21 = (55 + 194/215. 
Using the upper bounds in the Remark after Theorem 4.1.3, we have 


12-55 — 12 


2 
IN|uy — N (ee 
Y< = = /16 = 4. 
< 2D 2.21 a 


Therefore, we obtain the possibilities |X| = 0,1,...,18 and Y = 1,2,3,4. Then 
we get four solutions (3, 1), (—3, 1), (18, 4), (—18, 4) to the equation X? — 21Y? = 
— 12. It is easy to check that these solutions are not associated with each other and 
they generates four classes of solutions to the above general Pell's equation. From 
Theorem 4.8.1 we get all integer solutions to equation (4.8.4): 


(4u, + 18v,, Un + 3v), (Un + 3Un, Un — 3Un), 
(19u, + 8Tv,, Au, + 1802), (Un — 3Un, 4u, — 180,), n > 1. 


These four classes of solutions give a partition of the solution obtained in the above- 
mentioned reference [22]. 


49 Thue’s Theorem and the Equations x? — Dy? = +N 


In this section, following the papers [86, 87, 128] and [225] we show how to 
obtain explicit representations of certain integers in the form x? — Dy? for small 
D > 1, using a constructive version of Thue’s theorem based on Euclid's algorithm. 
Amongst other things, if u? = D (mod N), D # 1 (mod N) is solvable and 
gcd(D, N) — 1, N odd, we show how to find the following representations: 


N=8k+1 N = x? — 2y? 

-N = x? — 2y? 

N=12k+1 N =x? — 3y? 
N-—12k—1 -N =x? — 8y? 
N=5k+1 N = x? — 5y? 
N=5k—-1 -N = x? — 5y? 

N = 24k + 1 or 24k — 5 N =x" — 6y? 

N = 24k — 1 or 24k + 5 —N = x? — 6y? 

N = 28k + 1, 28k + 9 or 28k + 25| N = x? — Ty? 
N = 28k — 1, 28k — 9 or 28k — 25| —N = x? — Ty? 
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4.9.1 Euclid's Algorithm and Thue's Theorem 


Let a and b be natural numbers, a > b, where b does not divide a. Let ro = a, 
rı = b, and for 1 € k € n, rji = rege + re41, where 0 < regi < ry and r, = 0. 
Define sequences so, 51,..., 554.1 and to, f1,..., fi. 1 by 


So = 1, $1 — 0, fo — 0, tj = 1, thar = —qktk + fi, Sk+1 = —dqkSk + Sk—is 


for 1 < k € n. Then the following are easily proved by induction: 


G) se = (C-1|sk, te = (~1) |n]; 
(i) 0 = |si] < [s2] < ... [Sn+1|; 
Gi) 1 = |ti| < |t| <- < [inh 
(iv) a= [t| ria + [tsi ri forl <k<n+1; 
(v) rk = ska + tb forl c k n4 1. 


Theorem 4.9.1 (Thue). Let a and b be integers, a > b > 1 with gcd(a,b) = 1. 
Then the congruence bx = y (mod a) has a solution in nonzero integers x and y 


satisfying |x| < va, |y| < a. 


Proof. As r, = gcd(a,b) = 1,a > ya > 1, and the remainders ro,...,7, in 
Euclid’s algorithm decrease strictly to 1, there is a unique index k such that rj. > 
va > ry. Then the equation a = |tk|rk-1 + |th—-i|re gives a > |tk|rk-1 > |t] a. 
Hence |t| < va. 

Finally, rk = spa + tgb, so bt, = ry (mod a) and we can take x = tk, y = Fk. 


4.9.2 The Equation x? — Dy? = N with Small D 


Let N > 1 be an odd integer, D > 1 and not a perfect square. Then a necessary 
condition for solvability of the equation x? — Dy? = +N with gcd(x,y) = 1 is 


that the congruence u? = D (mod N) is solvable. From now on we assume this, 


D 
together with gcd(D, N) = 1 and 1 < u < N. Then the Jacobi symbol (2) =1. 


D 
We note that if N is prime, then (5) = 1 also implies that u? = D (mod N) is 


solvable. 
If we take a = N and b = u in Euclid's algorithm, the integers r? — Df? decrease 
strictly for k = 0,...,n, from a? to 1 — Df? and are always multiples of N. For 


r? — DÈ = ĉu’ — DÈ = f(u? — D) = 0 (mod N). 


If k is chosen so that rj. > VN > rg, as in the proof of Thue’s theorem, then as 


N= rk—ı ltk] + rk|tk—ıl > rk—iltk|, (4.9.1) 
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we have |t,| < VN and 

“DN <r = De <N. (4.9.2) 
Hence r? — Dt? = —IN, —1 <1 < D. In fact, 1 <1 < D, so 

— DN < ri —D# < -N. (4.9.3) 


Also r? + IN = Df? and hence Dr? > IN, 


IN 
[t| > 4/ » (4.9.4) 


From equation (4.9.1), N > rg—1|t,| and inequality (4.9.4) implies 


DN 
Fy—1 < T (4.9.5) 


4.9.3 The Equations x? — 2y? = +N 


2 
The assumption (5) = 1 is equivalent to N = +1 (mod 8). Also 1 < l < 2, so 
l = 1 and (4.9.3) gives rg — 2? = —N. Hence from equation (4.9.5) with D = 2, 
Th-1 < /2N and 


-N =r} -2 <r —2#_, < rf, < ON. 


Thus rf 4 — 28 =N. 


Example. Let N = 10000000033, a prime of the form 8n + 1. Then u = 87196273 
gives k = 10, rig = 29015, fio = —73627, rg = 118239, tọ = 44612 and r2, — 
202, = —N, r$ — 23 =N. 


Remark. We can express rķ—ı and f,_1 in terms of rg and t. The method is useful 
later for delineating cases when D = 5,6, 7: 
Using the identities 
(rkrk—1 = Dtyty 4)? E D(tkrk—1 = fjr)? = (rÈ = Der = Di 4) (4.9.6) 


and 


(-1'N = rti — rito (4.9.7) 
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we deduce that 


Ty'k-1 — Dtyty 4 = EN, (4.9.8) 


where £ = +1. 


From equation (4.9.8) we see that e = 1, as ffi. < 0. Hence 
rkrk—1 + DTíTy i1 =N, (4.9.9) 


where T; = |t,|. Then solving equations (4.9.7) and (4.9.9) with D = 2 for rj. and 
Ty...1 yields 


Fy-1 = —rk +2Tk, Th-1 = Tk — ry. 


The integers N, |N| < 200, such that the equation x? — 2y? = N is solvable are: 
1, £2, +4, £7, £8, £9, £14, +16, £17, £18, £23, £25, +28, +31, +32, +34, 
36, +41, +46, +47, +49, +50, +56, +62, +63, +64, +68, +71, £72, +73, 
79, £81, +82, +89, +92, +94, +97, £98, £100, £103, £112, +113, £119, 
121, £124, £126, £127, £128, £136, +137, £142, +144, +146, £151, +153, 
158, £161, £162, +164, +167, +169, +175, £178, £184, +188, £191, +193, 
194, £196, +199, +200. 

The following table presents the numbers k(2,N) of classes of solutions and 
the sets K (2, N) of fundamental solutions of classes of x? — 2y? = N, when the 
equations are solvable and N is positive or negative, |N| < 18 [161]. 


x — 2y? = k(2, N) |K(2, N) 

x — 2y =2 1 2,1) 

x? — 2y = —2 1 4,3) 

x? — 2y? = 1 6,4) 

x? — 2y? = —4 1 2,2) 

x? — 2y? = 2 3,1), (5,3) 
x-sy--T| 2 (1,2), 5,4) 
x7 — 2y = 1 4, 2) 

x? — 2y? = —8 1 8, 6) 

x — 2y? = 1 9,6 

x? — dy? = -9 1 3,3 
x-23y -14 | 2 ((4,1), (8,5) 
xX — 2y? = —14| 2 2,3), (6,5) 
x? — 2y? = 16 1 12,8) 

x -2y 2-16 1 ((4,4 
x-23y -1 | 2 ((5,2), (7,4) 
xX — 2y? = —17| 2 1,3), (9,7) 
x? — 2y? = 18 1 6,3) 

x? — 2y? = —18| 1 12,9) 
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Here are four examples of general Pell's equations x? — 2y? — N, with N big: 
k(2, 833) = 6 and K (2, 833) = {(29,2), (31,8), (35,14), (49,28), (61,38), (79,52); 
k(2,1666) = 5 and K(2,1666) = {(42,7), (46,15), (54,25), (62,33), (98,63)}; 
k(2,2737) = 7 and K(2,2737) = {(53,6), (55,12), (57,16), (75,38), (107,66), 
(117,74), (135,88)}; k(2, 3689) = 8 and K(2,3689) = {(61,4), (67,20), (71,26), 
(83,40), (89,46), (109,64), (121,74), (167,110)}. 


4.9.4 The Equations x? — 3y? = +N 


3 
The assumption (5) = 1 is equivalent to N = +1 (mod 12). From equation 


(4.9.3), we have —3N < r? — 312 < —N. Hence r? — 312 = —2N or —N. 


Case 1. Assume N = 1 (mod 12). Then r? — 342 = —N would imply the 
contradiction r? = —1 (mod 3). 


3N 
Hence r? — 312 = —2N and inequality (4.9.5) implies rj. < 4/ E Hence 


3N 
—2N — H — dn « fi — dE « P < —. 


2 
Consequently, r2 , — 3t; =N. 
We find 2rz—1 = —riy + 3T; and 27,1 = —ry + Tr. 
Case 2. Assume N = —1 (mod 12). Then r? — 3t? = —2N would imply the 
contradiction r? = 0 (mod 3). Hence r? — 3t? = —N and inequality (4.9.5) implies 


rii < V3N. Hence 
-N =r = 34 <r? -3 <r] < aN. 


Consequently, r2 , — 3t; = N or 2N. However, r2 , — 32 , = N implies the 
contradiction r? , = —1 (mod 3). Hence r2 , — 3 , = 2N. 
We find rz—1 = —ry + 37; and Tj. = —ry + Ty. 
The integers N, |N| < 200, such that the equation x? — 3y? = N is solvable are: 
1, 4, 6, 9, 13, 16, 22, 24, 25, 33, 36, 37, 46, 49, 52, 54, 61, 64, 69, 73, 78, 81, 88, 
94, 96, 97, 100, 109, 117, 118, 121, 132, 141, 142, 144, 148, 150, 157, 166, 169, 
177, 181, 184, 193, 196, 198, —2, —3, —8, —11, —12, —18, —23, —26, —27, —32, 
39, —44, — 47, —48, —50, —59, —66, —71, —72, — 14, —75, —83, —92, —98, —99, 
104, —107, —108, —111, — 122, —128, —131, —138, —143, —146, —147, —156, 
162, —167, —176, —179, —183, —188, —191, —192, —194, —200. 
The following table contains the numbers K(3, N) of classes of solutions and 
the sets (3, N) of fundamental solutions of classes of x? — 3y? = N, when the 
equations are solvable and N is positive or negative, |N| < 27 [161]. 
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x? — 3y? -N |k(3,N)|K(3, N) 

xX — 3y? = 1 4,2) 

xX — 3y? = 1 3,1) 

x? — 3y = 1 6,3) 
x-say-13| 2 ((4,1), 6,2) 
x? — 3y? = 16 1 8, 4) 

x? — 3y? = 22 2 5,1), (7,3) 
x-sy-934 | 1 (62) 

x? — 3y? = 25 1 10,5) 

x? — 3y? = -3 1 3, 2) 

x? — 3y? = —8 1 |(2,2) 

ve —syr=—ii| 2 ((1,2), (43) 
x? — 3y? = —12| 1 6, 4) 

x? — 3y? = —18| 1 3,3) 
x-say--33 2 (2,3), (5,4) 
x—35--26| 2 1,3), (7,5) 
x — 3y? = —27| 1 9,6) 


Here are five example of equations x? — 3y? = N, with N big: k(3,121) = 3 
and K = {(13,4), (14,5), (22,11)}; k(3, 253) = 4 and K(3, 253) = {(16,1), (19,6), 
(20,7), (29,14) }; k(3, 1573) = 5 and K(3, 1573) = ((40,3), (41,6), (44,11), (55,22), 
(64,29)}; k(3,3289) = 8 and K(3,3289) = {(58,5), (59,8), (61,12), (67,20), 
(74,27), (86,37), (94,43), (101,48)]" &(3,3718) = 6 and K(3,3718) = ((61,1), 
(65,13), (71,21), (79,29), (91,39), (119,59)}. 


4.9.5 The Equations x? — 5y? = +N 


5 
The assumption (5) = 1 is equivalent to N = +1 (mod 5). Then from equation 
(4.9.3), we have —5N < rẹ — 5t? < —N. Hence r? — 5t? = —4N, —3N, —2N 


5 
or —N. We cannot have r2 — 5t? = —3N, as then G) = 1. Neither can we have 


r? — 5t? = —2N, as N is odd. 


Case 1. Assume N = 1 (mod 5). Then r — 542 = —N would imply the 
contradiction r? = —1 (mod 5). Hence r? — 5t? = —4N. Then ry and f; are both 


5N 
odd. Also, inequality (4.9.5) implies ry. < 4/ E Hence -N < r2 ,—5862 SN. 
Then as in the remark above, we can show that 


(i) if r2_, — 52, = —N, then 
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Arp_y = —3rg + 4Tk, ATi = —ryi 3T, 


hence rz = —T, (mod 4). 
(ii) if r2_, — 52 , =N, then 


Arg.i = —rk + 5Tk, | ATy 1 = —rk + Th, 


hence r; = Tj; (mod 4). 


Case 2. Assume N = —1 (mod 5). Then r? — 552 = —4N would imply the 
contradiction r? = 4 (mod 5). Hence r? — 5t? = —N. Then not both rų and 
t, are odd. Also, inequality (4.9.5) implies r, 41 < /5N and we deduce that 
—N < r? — 5t; < 4N. Consequently, r2 , — 5g =N or 4N. 

Then, as in the remark above, we can show 


(i) if r2_, — 5 , =N, then 
Fy-i = —2rk + OTe, The = —rk + 2Tk, 


hence rj.1 = —2r; (mod 5). 
Gi) If r2. , — 5i]. , = AN, then 


rk—-1 = —rkc Ty, Tk-1 = —rk + Ty, 


hence rji = —ry (mod 5). 
Here is a complete classification of the possible cases: 
1. N = 5k + 1. Then r2 — 512 = —4N, while r, and f, are odd. 


(i) ry = —Ty (mod 4). Then r2 , — 5:2 , = —N. 
(ii) rk = T, (mod 4). Then 72 , — 52 , =N. 


2. N = bk — 1. Then r? — 5t? = —N, while r and t, are not both odd. 


(i) rk-1 = —2ry (mod 5). Then r2 , — 52 , =N. 
(ii) ry.1 = —ry (mod 5). Then r2 , — 52 , = 4N. 


The integers N, |N| < 200, such that the equation x? — 5y? = N is solvable are: 
1, £4, £5, +9, £11, +16, +19, +20, +25, +29, +31, +36, +41, +44, +45, 
49, £55, £59, +61, +64, +71, +76, +79, +80, +81, +89, +95, +99, £100, 
101, £109, £116, +121, +124, £125, +131, +139, £144, +145, +149, +151, 
155, £164, +169, £171, £176, £179, £180, +181, £191, +196, +199. 

The following table gives the numbers k(5,N) and the sets K(5,N) of the 
equations x? — 5y? = N, when they are solvable and N is positive or negative, 
IN| < 29 [161]. 
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x? — 5y?-N |k(5,N)|K(5,N) 

x 5y = 3 13,1), (7,3), (18,8) 
xX — 5y = 1 |(5,2) 

x? — By? = 1 |(27,12) 

x? — 5y? = 11 2 (41), (16,7) 
~—5y=16 | 3 ]|(6,2), (14,6), (36,16) 
x? — 5y? = 19 2 (8,3), (12,5) 

xi-5y 220 | 3 (5,1), (10,4), (25,11) 
xi-5y 225 | 1 |(45,20) 
x-5yg--4| 3 |,1,(42) (11,5) 
x? — By? = —5 1 |(20,9) 

x-5y--9| 1 |(6,3) 

x—5y--11| 2 |(3,2), (13,6) 

x -5y--16| 3 |2,2), (8,4), (22,10) 
xX -5y--19 2 (1,2), (31,14) 

x —5y2=—20| 3 (5,3), (15,7), (40, 18) 
x? — 5y? = —25| 1 (10,5) 

x? — By? 29| 2 (4,3), (24,11) 


Here are three example of equations x? — 5y? = N, with N big: k(5, 1276) = 
11 and K(5,1276) = {(36,2), (39,7), (41,9), (49,15), (59,21), (76,30), (84,34), 
(111,47), (141,61), (211,93), (284,126)}; k(5, 1936) = 8 and K(5, 1936) = {(46,6), 
(54,14), (84,32), (116,48), (154,66), (206,90), (294,130), (396,176)}; k(5,9196) = 
18 and K(5,9196) = {(96,2), (99,11), (104,18), (111,25), (121,33), (139,45), 
(149,51), (176,66), (201,79), (229,93), (264,110), (321,137), (351,151), (429,187), 
(499,219), (576,254), (671,297), (824,366) }. 


4.9.6 The Equations x? — 6y? = +N 


6 
The assumption (5) = 1 is equivalent to N = +1 (mod 24) or N = +5 


(mod 24). Then from equation (4.9.3), we have —6N < r? — 6t? < —N. Hence 
r? — 6t? = —5N, —4N, —3N, —2N or —N. Only —4N is ruled out immediately 
and the other possibilities can occur. 

As with the case D — 5, there is a complete classification of the possible cases: 


1. N = 24k — 1 or 24k + 5. 


(i) rk =0 (mod 3). Then r? — 62 = —3N, 2 — 6:22 = —N. 
(ii) r # 0 (mod 3). Then r? — 652 = —N. 
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(a) ru-1 = 0 (mod 2). Then r? , — 652 = 2N. 
(b) r.-1 = 1 (mod 2). Then r2 , — 6g , = 5N. 


2. N = 24k + 1 or 24k — 5: 


(i) rm = 0 (mod 2). Then r? — 62 = —2N, 72 — 62 , =N. 
(ii) rj = 1 (mod 2). Then r? — 622 = —5N. 


(a) rk = T, (mod 5). Then r2 , — 66 , =N. 
(b) rg = —T, (mod 5). Thenr2 , — 652 , = —2N, r? — 652 =N. 


The integers N, |N| < 200, such that x? — 6y? = N is solvable are: 1, 3, 4, 9, 
10, 12, 16, 19, 25, 27, 30, 36, 40, 43, 46, 48, 49, 57, 58, 64, 67, 73, 75, 76, 81, 
90, 94, 97, 100, 106, 108, 115, 120, 121, 129, 138, 139, 142, 144, 145, 147, 160, 
163, 169, 171, 172, 174, 184, 190, 192, 193, 196, —2, —5, —6, —8, —15, —18, —20, 

23, —24, —29, —32, —38, —45, —47, —50, —53, —54, —60, —69, —71, — 72, —80, 

86, —87, —92, —95, —96, —98, —101, —114, —116, —125, —128, —134, —135, 

141, —146, —149, —150, —152, —159, —162, —167, —173, —180, —188, —191, 
—194, —197, —200. 

The following table gives the numbers k(6, N) and the sets (6, N) of equations 
x? — 6y? = N, when they are solvable and N is positive or negative, |N| < 25 [161]. 


x? — 6y? -N |k(6, N)|K(6, N) 

x? — 6y? = 3 1 |(3,1) 

x? — 6y =4 1 |(10, 4) 

x? — by? =9 1 |(15,6) 
x3-6-10]| 2 (41. (83) 
x? — 6y? = 12 1 |(6,2) 

x? — 6y? = 16 1 |(20,8) 

x? — 6y? = 19 2 |(5,1), (13,5 
x2 —6y2=25 | 3 ((7,2), (11,4), (25,10) 
xX — 6y? = —2 1 |(2,1) 

x? — 6y? = —5 2 {(1,1), (7,3) 
x?-—6y?--6 l |(12,5) 

x? — 6y? = —8 1 |(42) 
x-67--15 2 (3,3), (9,4) 
x? — 6y? = —18| 1 (6,3) 

x -65--30 2 (2,2), (14,6) 
x1—6y —-33| 2 (1,2), (19,8) 


Here are three examples of equations x? — 6y? = N, with N big: k(6,625) = 5 
and K(6,625) = {(29,6), (35,10), (55,20), (73,28), (125,50)}; &(6,2185) = 8 
and K(6,2185) = {(47,2), (49,6), (61,16), (79,26), (83,28), (113,42), (173,68), 
(211,84)}; k(6, 9025) = 9 and K(6, 9025) = {(97,8), (101,14), (133,38), (155,50), 
(175,60), (209,76), (337,132), (389,154), (475,190)}. 
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4.9.7 The Equations x? — Ty? = +N 


The assumption x) = 1 is equivalent to N = 1,3,9,19,25,27 (mod 28). 
As with the case D — 6, there is a complete classification of the possible cases: 
1. N = 28k + 1, 28k + 9, or 28k + 25. 
(i) rk = Ty (mod 2). Then r? — 72 = —6N. 
(a) rk = —Ty (mod 6). Then r2 , — 72 , = —3N. 


(1) re-1 = —Ty-1 (mod 3). Then r2 > — 762 =N. 
(2) re-1 = Tk—ı (mod 3). Then r7 4 — Tto = 2N. 


(b) rk = T, (mod 6). Then r2 , — 7(2 , =N. 
(ii) rk # T, (mod 2). Then r? — 71? = —3N. 
(a) rk = —Ty (mod 3). Then r2 , — 72 , =N. 
(b) rk = T, (mod 3). Then r2 , — 72 , = 2N. 
2. N = 28k 4- 3, 28k + 19, or 28k + 27. 
(i) rk = Ty (mod 2). Then r? — 712 = —2N. 
(a) ry-1 = —Ty-1 (mod 3). Then r2 , — 72 , = —N. 
(b) rk-1 = Ty1 (mod 3). Then 72 , — 762 , = 3N. 
(ii) rk # Ty (mod 2). Then r? — 717 = —N. 
(a) ry-1 = —Tg_-1 (mod 3). Then r2 , — 7(2 , = 3N. 
(b) rk-1 = Ti1 (mod 3). Then 72 , — 762 , = 6N. 


In cases 1(a)(2) and 2(i), the equations r?_. — 7f? , = 2N and r? — Tt = —2N 
give rise to equations x? — 7y? = N, —N, respectively, if we write x + y/T = 
(rg-2 + tj 2/7) (3 + V7) and (ry + V7) /(3 4- V7), respectively. For if x -- yy/7 = 

=] 3t — 
(r+ tV/7)/(3 + V7), where r and t are odd, then x = and y — B "are 
integers and x? — 7y? = (r? — 712)/2. 
We note that 1(a)(2) cannot occur unless N = 0 (mod 3). Then we have 


2 


—r + TT, -r+ BÉ 
"-— T T, i= + (4.9.10) 

= aA =r Ty 
oe aa a ELE (4.9.11) 


Then (4.9.6) implies rj-1 + Ty 1 = —ry + 2T = —ry — Ty = 0 (mod 3). 
Also (4.9.7) implies ry. = Tk—ı (mod 3). Hence 3 divides r,_1 and T,_ and the 
equation r2 , — 772 , = —3N then implies that 3 divides N. 
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Example. N = 57. The congruence u? = 7 (mod 57) has solutions u = +8, +11 
(mod 57). Then u = 0 gives k = 2, rı = 8, tı 1, r2 1, r2 = 1, t = —7, 
r? — 7t? = —6N and r? , — 712 , =N, while u = 11 gives k = 2, ri = 11,4 — 1, 
ro = 2, tg = —5 and r? — 712 = —3N and r2 , — 72 = 2N. 


The integers N, |N| < 200, such that x? — 7y? = N is solvable are: 1, 2, 4, 8, 
9, 16, 18, 21, 25, 29, 32, 36, 37, 42, 49, 50, 53, 57, 58, 64, 72, 74, 81, 84, 93, 98, 
100, 106, 109, 113, 114, 116, 121, 128, 133, 137, 141, 144, 148, 149, 162, 168, 169, 
177, 186, 189, 193, 196, 197, 200, —3, —6, —7, —12, —14, —19, —24, —27, —28, 

31, —38, —47, —48, —54, —56, —59, —62, —63, —75, —76, —83, —87, —94, —96, 

103, —108, —111, —112, —118, —124, —126, —131, —139, —147, —150, — 152, 

159, —166, —167, —171, —174, —175, —188, —192, —199. 

The following table contains the numbers k(7,N) and the sets K (7, N) of the 
equations x? — 7y? = N, when they are solvable and N is positive or negative, 
IN| < 29 [161]. 


x? — 7y? =N |k(7,N)|K(7,N) 

x* — Ty? =2 1 |(3,1) 

xX- Ty = 1 |(16,6) 

== 1 |(6,2) 

L- m= 3 |(4,1), (11,4), (24,9) 
x? — Ty = 16 1 | (32, 12) 
~—Ty=18 | 3 (5,1), (9,3), (19,7) 
x? — Ty? = 21 2 (7,2), (14,5) 

x 7y 2925 | 1 (40,15) 

x -79-239 | 2 (6,1), (27,10) 

x? — Ty? = -3 2. |(2,1), (5,2) 

x? — Ty? = -6 2 (1,1), (13,5) 

xX- Ty = -T 1 |(21,8) 

2- 2-—19| 2 (4,2), (10,4) 
x1—7?--14| 1 |(7,3) 

x? — 7y? ——19 2 (3,2), (18,7) 

x -T7y -—94| 2 (2,2), (26,10) 

xX- =—27 4 (1,2), (6,3), (15,6), (34,13) 


Here are three examples of equations x? — 7y? = N, with N big: k(7, 2349) = 
10 and K (7, 2349) = {(51,6), (54,9), (61,14), (82,25), (93,30), (114,39), (131,46), 
(194,71), (243,90), (282,105)}; k(7, 3249) = 9 and K(7, 3249) = {(64,11), (71,16), 
(76,19), (111,36), (132,45), (209,76), (232,85), (281,104), (456,171)}; &(7, 4617) = 
12 and K(7, 4617) = ((68,1), (72,9), (75,12), (93,24), (117,36), (128,41), (163,56), 
(180,63), (240,87), (348,129), (387,144), (523,196)]. 


Chapter 5 
Equations Reducible to Pell’s Type Equations 


5.1 The Equations x? — kxy? + y = 1 
and x? — kxy? + yt = 4 


An interesting problem concerning the Pell’s equation u? — Dv? = 1 is to study 
when the second component of a solution (u, v) is a perfect square. This question is 
equivalent to solving the equation 


X — py* =1. (5.1.1) 


The equation (5.1.1) was intensively studied in a series of papers (see [116—118]). 
We begin this section by mentioning the main result about the above equation. 


Theorem 5.1.1. For a positive nonsquare integer D there are at most two solutions 
to the equation (5.1.1). If two solutions exist, and £p denotes the fundamental unit in 
the quadratic field Q(V/D), then they are given by (x1, y1), (x2, ya), x1 < xo, where 
xı + y2? VD = £p and x» + y/D is either e2 or E with the latter case occurring 
for only finitely many D. 


Following the recent paper [221] we first prove a generalization of Theo- 
rem 5.1.1. We then use this result to completely solve the equations 
xX — ky? +y*=1 (5.1.2) 
and 


x? — kxy? +y — 4. (5.1.3) 


Let D = e?d, with e an integer and d a positive squarefree integer. Then £p = 
a 4- bV/d T" ; ; : 
=> 3 where a and b are positive integers with the same parity, and satisfy 
© Springer Science+Business Media New York 2015 107 
T. Andreescu, D. Andrica, Quadratic Diophantine Equations, 
Developments in Mathematics 40, DOI 10.1007/978-0-387-54109-9_5 


108 5 Equations Reducible to Pell's Type Equations 


a? — db? = (—1)^4, where a € {0,1}. Define Ap = A, to be the fundamental 
solution u+ vd to X? — dY? = 1, with u and v positive integers. Then Ap = (ep)°, 
where 


1 if a and b are even and a = 0 
" 2 ta and b are even and a = 1 (5.14) 
3 if a and b are odd and a = 0 


6 if a and b are odd and o = 1. 


Lemma 5.1.2 ((55]). Let D be a nonsquare positive integer. If the equation X^ — 
DY? = 1 is solvable in positive integers X, Y, then either X? + Y/D = Ap 
or A». Solutions to X* — DY? = 1 arise from both \p and A2, only for D € 
(1785, 7140, 28560]. 


Lemma 5.1.3. /f there are two solutions to equation (5.1.1), then they are given by 
X + Y? VD = £p, ej for D € {1785, 28560}, and X + Y? VD = tp, €, otherwise. 


Proof. Let T + UVD denote the fundamental solution in positive integers to the 
Pell’s equation x? — Dy? = 1, and fork > 1 let T + UVD = (T + UV D). 

If there exist two indices kı and kg for which U;, and Up, are squares, then by 
Theorem 5.1.1, (k1, k3) = (1,4) or (k1, ke) = (1,2). If there are integers x and y 
such that U, = x? and U4 = y?, then since U4 = 2T5U», there exist integers w and 
z such either (T5, U2) = (w?, 2z”), or (T2, U2) = (2w?, z?). The latter case is not 
possible, since it would imply the existence of three solutions to X? — DY^ = 1, 
contradicting Theorem 5.1.1. In the former case, since 27? = Uz = 2T; U4, there 
are integers u and v > 1 such that T, = v? and U, = u?. We thus have solutions 
to X^ — DY? = 1 arising from both £p and £2. By Lemma 5.1.2, we deduce that 
D € {1785, 7140, 28560}, and since U; = 2 and D = 7140, we have finally that 
D € {1785, 28560}. 


Lemma 5.1.4 ((117]). The only positive integer solutions to the equation X? — 
2Yt = —1 are (X, Y) = (1,1), (239,13). 


Lemma 5.1.5 ([45]). The only positive integer solutions to the equation 3X^ — 
2Y? = 1 are (X,Y) = (1,1), (3,11). 


Lemma 5.1.6 ([38]). With the notations in the proof to Lemma 5.1.3, if T, = 2x? 
for some integer x, then k — 1. 


Theorem 5.1.7. Let D be a nonsquare positive integer with D d (1785, 7140, 
28560). Then there are at most two positive indices k for which Up = 2°y? with 
yan integer and 6 = 0 or 1. If two solutions kı < kg exist, then kı = 1 and ks = 2, 
and provided that D # 5, T+ UVD is the fundamental unit in Q(VD), or its square. 
For D € (1785,7140, 28560}, the only solutions to Up = 2°y? are k = 1, k = 2, 
and k = 4. 


Proof. If one of the equation x? — Dyt = 1, x? — 4Dy* = 1 is not solvable, 
then the result follows from Lemma 5.1.3 applied to 4D and D respectively. 
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Therefore we may assume that both of these equations are solvable. Let k and / 
be indices for which U; = z? and U; = 2w?. It follows from the binomial theorem 
that not both of k and / are odd. 

Assume first that k and / are both even. We will show that this leads to D € 
(1785, 7140, 28560}. Letting l = 2m, then there are integers u > 1 and v such that 
Tm = u? and U,, = v?. Then by Lemma 5.1.2, either m = 1 or m = 2. Also, by 
Lemma 5.1.3, and the fact that k is even, either (k, m) = (2, 1), (k, m) = (4, 1) and 
D € {1785, 28560}, or else k = m. The first case is not possible since it would 
imply k = l = 2, and this contradicts the assumed forms of Uz and U;. Thus, for 
D æ {1785, 28560}, we have that k = m, and furthermore, the only possibility is 
k = m = 2. Since U2 = 27,U;, there are positive integers a, b for which either 
(Tı, U1) = (a?,2b?) or (Tı, U1) = (2a?, b?). From the identity T; = 272 — 1, 
these two possibilities yield the respective equations u? = 2a* — 1 or u? = 8a* — 1. 
The equation u? = 8a^ — 1 is not solvable modulo 4. By Lemma 5.1.4, the only 
positive integer solution to the equation u? = 2a* — 1, with u > 1, is u = 239 and 
a = 13. Therefore, T, = 169, and U, = 2b? for some integer b. The only choice 
for b is b = 1, which results in D = 7140. 

We can assume that k and / are of opposite parity. First assume that / is even, 
| = 2m, and that k is odd. Thus, we have that Uzm = 2w?. From the identity 
Uəm = 2T4,U,, and the fact that (Tin, Um) = 1, it follows that there are integers u 
and v such that T, = u? and U,, = v?. By Lemma 5.1.2, either m = 1 or m = 2, and 
Tı + Ui VD = Ap. Furthermore, by Lemma 5.1.3, either k = m or k = 1, m = 2. If 
k = m, then since k is odd and m = 1 or 2, we have that k = 1 and / = 2, which is 
our desired result. On the other hand, if k = 1 and m = 2, then / = 4, and we have 
that U4 = 2w?, U2 = v?, and Tz = u?. As in the previous paragraph, this leads to 
D — 7140. 

Now assume that / is odd and k is even, k = 2m. Therefore, Uom = 2T,U,, = z?, 
and it follows that there are integers u and v such that either (Tm, Um) = (2u?, v?) 
or (Tin, Um) = (u?,2v?). In the first case, Lemma 5.1.3 implies that (m, k) = (1, 2), 
since U,, and U; are both squares. Therefore U; is a square, and 2?^ properly divides 
U, for some integer a = 0, Since U; = 2w?, 2+! properly divides U; for some 
integer 6 2 0. From the fact that / is odd, the binomial theorem exhibits that the 
same power of 2 divides U; and U;, thus leading to a contradiction. In the case 
that (Tin, Um) = (1i2,2v?), Lemma 5.1.2 shows that m = 1 or m = 2, and that 
T, + U, VD = Xp. Also, by Lemma 5.1.3 applied to 4D, either m = I or (l,m) = 
(1, 2). The former possibility leads to / = 1 and k = 2, which is the desired result. 
The latter possibility implies that k = 4, and that Tə = u?, U2 = 2v?, Since 
U2 = 2T,U,, there are integers a and b such that Tı = a’, and U1 = b?. Therefore, 
u? = Tə = 2T? — 1 = 2a* — 1, and by Lemma 5.1.4, it follows that T, = 169, and 
hence that D = 1785 or D = 28560. 

It remains to prove that for D Æ 5, T + U VD = Tı + U; J D is the fundamental 
unit £p in Q(V/ D), or its square. Letting T -- U VD = eq, then we need to prove that 
c = lorc = 2, where c is defined in (5.1.4). 

Let D = Pd with d squarefree. Let Àj; = t + uv d, and for k = 1, define 
AE = fy + uvd. Then T + UVD = Ap tr + u, vd for some integer r, and 
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uj, = lU; for each i 2 1. We assume now that U; = 2?13? and Uz = 2??? for some 
integers x and y. Then u, = 2?! [x? and us, = 2°? ly?. Since uo, = 2t,u,, it follows 
that t, = z? or 2z? for some integer z. By Lemma 5.1.3 and Lemma 5.1.6, either 
r = l orr = 2. This implies that c divides 12. We wish to show that 4 does not 
divide c. If 4 divides c, then r = 2 and N(ej) = —1, and so there are the integers 
V > Land W such that V? — W?d = —1, with t2+u2v'd = A2 = (V+ WV/4d)*. Since 
r = 2, Lemma 5.1.6 shows that t9 = z?. Therefore, tg = z? = 8V* + 8V? + 1, and 
as it was shown in [117] that this equation implies V = 0, we have a contradiction. 
Therefore c divides 6, and to complete the proof of the theorem, we need to show 
that 3 does not divide c. 

Assume that 3 divides c. Then T + UVD is the cube of a unit in Q(VD) of 


a+b/D 


the form , where a and b are odd, and a? — b?D = 4. Moreover, T = 


2:25 
«(t z ) is oda, and so either T + UVD = X? + Y?VD or T + UVD = 


X? + 2Y? VD, i.e., T is not of the form 2X?. It follows that a(a? — 3) = 2X?. If 
(a, a? — 3) = 1, then since a is odd, a = A? and a? — 3 = 2B? for some integers 
A, B, which is not possible by considering this last equation modulo 8. Therefore 
(a, a? — 3) = 3, and there are integers A, B for which a = 3A? and a? — 3 = 6B?, 
which results in the equation 3A* — 2B? = 1. By Lemma 5.1.5 the only positive 
integer solutions to this equation are (A,B) = (1,1) and (A, B) = (3,11). This 
shows that either a = 3 or a = 27. The case a = 3 yields D = 5, which we have 
excluded. The case a = 27 yields that either D = 29 or D = 725. It is easily 
checked that the hypotheses are not satisfied for both of these values of D. 


Corollary 5.1.8. For k = 169, the only positive integer solutions to x? — (k? — 1) 
y! = Lare (x, y) = (169, 1), (6525617281, 6214). 

For k > 1 and k £ 169, the only positive integer solution (x,y) to x? — (k? — 1) 
y* = Lis (x,y) = (k, 1), unless k = 2v? for some integer v, in which case (x,y) = 
(8v* — 1, 2v) is the only other solution. 

For k > 1 there is no positive integer solutions (x,y) to x? — (k? — 1)y* = 4, 
unless k = v? for some integer v, in which case (x,y) = (Av* — 2, 2v) is the only 
solution. 


Proof. The particular case k = 169 is easily verified for both equations, and so we 
assume that k > 1 and k Æ 169. The fundamental solution to x? — (k? — 1)y? = 1 
is (k, 1). For i > 1 define T; + U;Vk? — 1 = (k + Vk? — 1)'. There is always the 
solution (x, y) = (k, 1) to x? — (k? — 1)y* = 1, and so by Theorem 5.1.7, if there 
is another solution, it must come from T5 + Uzv k? — 1 = 2k? — 1+ 2k VK? — 1, 
i.e., (x, y) = (2k? — 1, 2k). This entails that 2k is a perfect square, and hence that 
k = 2t? for some integer v, This gives (x, y) = (8v* — 1, 2v). 


k2—1 
We note that if k is odd, then the minimal solution to x? — ( ) y-21 


4 
is (x, y) = (k,2), from which it follows that for k even or odd, any solution to 
x? — (k? — 1)? = 4 has both x and y even. Now let (x, y) be a positive integer 
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solution to x? — (k? — 1)y* = 4, then x and y are even, and (u,v) = (x/2, y/2) is 
a positive integer solution to u? — 4(k? — 1)v* = 1, and hence there is a positive 
integer i for which U; = 2v?. By Theorem 5.1.7, since U; = 1 is already a square, 
i = 2. Therefore u + 2? Kk? — 1 = To + UaV k? — 1 = 2k? — 1 + 2k I? — 1, 
and hence k = v?. This leads to the solution (x, y) = (4v* — 2, 2v) to the equation 
x? — (k? — 1)y* = 4. This completes the proof. 


Theorem 5.1.9. Let k be an even positive integer. 


1) The only solutions to equation (5.1.2) in nonnegative integers (x, y) are (k, 1), 
(1, 0), (0, 1), unless either k is a perfect square, in which case there are also the 
solutions (1, Vk), (k? — 1, Vk), or k = 338 in which case there are the solutions 
(x, y) = (114243, 6214), (13051348805, 6214). 

2) The only solution in nonnegative integers x, y to the equation (5.1.3) is (x, y) = 
(2,0), unless k = 2v? for some integer v, in which case there are also the 
solutions (2, 2k), (2k? — 2, 2k). 


Proof. Letting k = 2s, then we can rewrite the equation x? — kxy? + y* = 1 as 
(x— sy’)? — (5? —1)y* = 1. 


Aside from the trivial solution (x,y) = (1,0), Corollary 5.1.8 implies that the 
only solutions are y = 1, x — sy? = +s, unless s = 2v? for some integer v, in which 
case there is also the solutions y = 2v and x — sy? = +(8v4 — 1), or k = 338. 
In either case, the solutions listed in Corollary 5.1.8 lead to the solutions given in 
Theorem 5.1.9. 

The equation x? — kxy? + y* = 4 can be rewritten as 


(x— S2) - (? 21 24. 


Corollary 5.1.8 shows that, aside from the trivial solution (x, y) = (2,0), there 
is no solution in positive integers unless s — v? for some integer v, in which case 
y = 2v and x — sy? = +4v4 — 2. It follows that k = 2v?, y = V/2k, and either x = 2 
or x = 2k? — 2. 


5.2 The Equation x2” — Dy? = 1 


In this section we will discuss the solvability of the equation 
x^^ — Dy? — 1, (5.2.1) 
where D is a nonsquare positive integer and n is an integer greater than 1. When 


n = 2 its solvability was discussed in the papers [51, 231, 232] and in the section 
above. 
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In what follows we also employ the equations 
x — 2y? 2—1, (5.2.2) 
and 
x — 2y =], (5.2.3) 


where p is a prime > 5. 
They were studied by elementary methods in the paper [51]. 
We first present two useful results. 


Lemma 5.2.1. If the equation (5.2.2) has positive integer solution (x,y) # (1,1), 
then 2ply. 


Proof. Suppose (x, y) is a positive integer solution of (5.2.2). Then 


Pd 
Since (x+ 1, =) = 1 or p, we have 


x41 
X +1 
tpl, = D» Ve, (5.2.4) 
or 
iy JS t nur n (5.2.5) 
x = 4PY1; NR) =Py2, y-—pyny. an 
w+) 2 : 
By the result of [119], mE = y, therefore x = 1. Thus (5.2.4) gives 
x 
x=y=l1. 


For (5.2.5) clearly p|y. We will prove 2|y with the elementary method given 
in [51]. 
If 2 { y, from (5.2.2), we have x = 1 (mod 8). Put 
| X +1 


A(t) — t> 1land21t 
()- — qp tz Land 241, 


and so A(t) = 1 (mod 8). Let 1 < | < p bea positive odd integer. Then there exist 
an integer r, odd, 0 < r < l, and 2k such that p = 2kl + r or p = 2kl — r. 
If p = 2kl + r, then 


X = 2k xl x” 
ap) = 040 0 H =F S AQ) (mod AQ) (5.2.6) 
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since x! = (x + 1)A(I) — 1. Now (A(p), A(J)) = A((p, D) = A(1) = 1. Thus (5.2.6) 
gives 


since A(/) = 1 (mod 8) and 
A(p) =x TA(I(2k — 1)) + A(D) — x" A(r). 
For l, r, we have 


l= 2kyr + £11, 0n <r, 
r = 2kori + E2r2, 0< ro <r, 


Fs—1 = 2ks 411s + Es4 1/1; 0< Fs+1 < Fs, 
Fs = ks42fs+1, 


where c; = +1 (i = 1,...,s + 1) andr; (i = 1,...,s + 1) are odd integers. Since 


(Lp) = 1, we have rs, = 1. Hence 
Cale ro @ nu Cro) 
) 


x" 4-1 2 
Now, from ——— = , we have 
"E PY» 


(py2)? = pA(p) (mod A(I). 


(Sian) = (aw) = (Se) 7G) 
A() AC) p p 
since x = —1 (mod p) and so A(/) = / (mod p), We have a contradiction if / is 
taken as an odd quadratic nonresidue of p. This proves the result. 


Thus 
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Lemma 5.2.2. The equation (5.2.3) has only positive integer solution x — 3, y — 11 
(when p — 5). 

Proof. From (5.2.3), we have 


x? — 1 2 


=a (5.2.7) 


x—1 


if p 1 y. By the result of [119], the solution of (5.2.7) is x = 3 (when p = 5). Thus 
(5.2.3) has positive integer solution x — 3, y — 11 (when p — 5). 

If ply, then 2|y by Remark 1. From (5.2.3), (1 + /—2y)(1 — /—2y) = x". With 
the assumption (1 + /—2y, 1 — /—2y) = 1, we have 


1+ ./—-2y = (a--bV/ -2P, x=a?+ 2b’, (5.2.8) 


where a, b are integers. Since 2|y, from (5.2.3), it follows that 
xz] (mod 8). (5.2.9) 


From (5.2.8) and (5.2.9), we have 2|b and b 4 0. Now, (5.2.8) gives 


1-4 (5) ad ?(bJ—2) +--+ (GE 1 Jat 73. (5.2.10) 


Thus a|1 and so a = +1. 
If a = —1, then (5.2.10) gives 


E (5) (VD +--+ (GE : OVI, 


and so p|2 which is impossible. 
If a = 1, then we have 


0= (2) (by Z2)? +--+ (, » (bV/.-3y-1. (5.2.11) 


=i 
Since 2|b and b Æ 0, let 2* || (4) (b/—2)* (: <k< 2) , clearly s, > s; 
(k > j). Thus (5.2.11) is impossible. 


Theorem 5.2.3. If n > 2 and the negative Pell's equation u? — Dv? = —1 is 
solvable, then the equation (5.2.1) has only one solution in positive integers: x — 3, 
y = 22 (when n = 5, D = 122). 


Proof. Let Q = ug +vov D be the smallest solution to the equation u? — Dv? = —1, 
Q = uo—vo vD, and let n= U, o+VovD be the fundamental solution of the equation 
U? — DV? = 1, 5j = Up — Vov D. Then, we have 7 = ?. 


5.2 The Equation x2” — Dy? = 1 115 
Suppose (x, y) is any positive integer solution of (5.2.1). Then 


n” + Fn _ Q2m in” 


ge 2 


, m>0. (5.2.12) 


Clearly, without loss of generality, we may assume that n — 4 or n — p (p is odd 
prime). 


(a) If n — 4, then (5.2.12) gives 


and so x = 1, m = 0, which is impossible since m > 0. 
(b) If n = p (p is odd prime), then (5.2.12) gives 


—-m 2 
ZU nis [A]. (5.2.13) 


2 


(b.1) When 2|m, let m = 2s, s > 0; then (5.2.13) gives 


2 
Q2: a 
x,-1-2 (55) , (5.2.14) 


Suppose p — 3. Then by (5.2.14), we have (see [218]) 


Q2 g^ 
Z — =j. (5.2.15) 
and 
Q2 D? 
x= 23, a = 78. (5.2.16) 


Clearly (5.2.15) is impossible, since s > 0, and (5.2.16) is also 
impossible since 


— 9s a 
ns + 7 S+ : 
2 4| id 


is odd. 
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2s 


Q? +0 
Thus p > 3. For (5.2.14) we have 2| —5, — by Lemma 5.2.1. 
However, 2| gig is impossible. 
(b.2) When 2 { m, we have 
om aa")? 
w-1=2 (=) ; (5.2.17) 


-m 


and so x = 1, (Q" + Q )/2 = 0 when p = 3 (see [218]). If p > 3, then 
(5.2.17) gives x = 3, (Q" + 0/2 — 11 (when p — 5) by Lemma 5.2.2. 
Thus (5.2.1) has only positive integer solution x — 3, y — 22 (when 
n = 5, D = 122). 


Theorem 5.2.4. If n = Ui + Vy VD is the fundamental solution to Pell's equation 
U? — DV? = 1, then the positive integer solutions to equation (5.2.1) do not satisfy 


x'+y/D =n", n>2,m>0. 
Proof. If 
x"+yVD=7'", n>2,m>0, 


then we have 


Am m4m 2m |, 42m 2 

gollgc m um i (5.2.18) 
2 2 

By Lemma 5.2.1, the equality (5.2.18) is impossible since 2 4 (1?" + 7?")/2 and 

m 0. 


As applications of the above results we will discuss now some interesting 
problems in number theory. 
In 1939 (see [70]) it was conjectured that the equation 


(^) =x, n>m>2,k>3 (5.2.19) 


m 


has no integer solution. In [70] it is proved that the conjecture is right when m > 4, 
leaving the cases m — 2 and m — 3 unsolved. Now, we can deduce the following 
result: 


Corollary 5.2.5. The equation 


J-> 


has no positive integer solution (n, y) with n > 3 and k > 2. 
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—1 
Proof. From E = mnt) = y?* we have 


n—-1-22y*, n=ys, y=yiyo, 


or 
n—-1=y3', n=2yi', y=yiyo. 
Hence 
35 8] eru. (5.2.20) 
If 2|k, then (5.2.20) clearly gives |y1y2| < 1; on the other hand, n > 3 and 


(2) = y* imply |y| = |y1y2| > 1. Here we have a contradiction. If 2 f k, k > 2, 


we may conclude from Theorem 5.2.3 and Lemma 5.2.1 that (5.2.20) is impossible. 


Define the generalized Pell sequence by 
Xo —1l, x14, Xn42 = 2X41 — Xn, (5.2.21) 


where a is an integer greater than 1. 


Corollary 5.2.6. The equation 
X4n = y” 


has no positive integer solution (n, y), when m > 3. 


Proof. From (5.2.21) we have x, = z ; S ,n > 0, where a = a+ Va? — 1 and 


T = a— Va? — 1 are roots of the trinomial z? — 2az + 1. Let a? — 1 = DP?, where 
D > 0 is squarefree and b is positive integer. Then 


a=a+bvD, @=a—bVD and ou- l1. 


n Pr 


o" — a . 
Thus y, — satisfies 


2/D 


xi — Dy? = 1. (5.2.22) 


m 


By Theorem 5.2.4, the relation (5.2.22) is impossible when 4|n, x, = y" and 


m> 3. 


118 5 Equations Reducible to Pell's Type Equations 


Clearly, if a = 2u? + 1 (u > 0), then Db? = a? — 1 = 4u? (u? + 1). Thus 2u|b. 
Letting b — 2uv, we have u? + 1 = Dv”. Hence, using Theorem 5.2.3, we obtain 


Corollary 5.2.7. For the generalized Pell sequence 
Zo=1, xQ—2w +1, xpyo = 2(20? + 1)Xn41 — Xn, 


where u is positive integer, x, is never an m" power if m > 3, except for xy = 
2-117 +1=3°. 


Remarks. 1) In the paper [129] it is studied the equation (5.2.1), where n = pis a 
prime. The main two results given there are: 


1. If p = 2 and D > exp(64), then (5.2.1) has at most one positive integer 
solution (x, y). 

2. If p > 2 and D > exp(exp(exp(exp(10)))), then 2 { m, where (x, y) is a 
solution to (5.2.1) expressed as 


x? +yVD =e? 


and £1 = ui + vivD is the fundamental solution to the Pell's equation 
2 2 
u^ — Dv* = 1. 


2) In the paper [189] it is studied the equation mî — n* = py?, where p > 3 isa 
prime, and then the equations xt + 6px?y? + p?y* = z?, cy (x* + 6px? y? + p? y^) + 
Apd,(x?y + pxy?) = z?, for p € {3,7,11,19} and (cx, dy) is a solution to the 
Pell’s equation c? — pd? = 1 or to the negative Pell’s equation c? — pd? = —1. 
In the paper [190] is considered the equation x^ — g* = py?, with the following 
conditions: p and q are distinct primes, x is not divisible by p, p = 11 (mod 12), 
q = 1 (mod 3), x is not divisible by p, p = 11 (mod 12), q = 1 (mod 3), p 
is a generator of the group (Z5, -), and 2 is a cubic residue mod q. This equation 
has been solved in the general case in the paper [121]. 


3 


wm 


5.3 The Equation x? + (x +1)? +---+ («+n -— 1)? 
=y?t(ytiPte-t+iytatk—1)? 


In the paper [2] the relation 5? = 3? + 4? was considered as the simplest solution 
in positive integers to various Diophantine equations, in particular, as the simplest 
solution for the case n — 1 to 


xt (x41)? 4+ (x-2) HHan) 
=y E 0+1? ay qe ys nt^, (5.3.1) 
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i.e., the case where the sum of n consecutive squares equals the sum of n + 1 
consecutive squares. The complete set of solutions of (5.3.1) for all positive integers 
n, for which n and n 4- 1 are squarefree, was given in [2] and [4]. 

The relation 5? = 3? + 4? may also be considered as the simplest solution in 
positive integers for the case k — 2 of the sum of k consecutive squares is a perfect 
square. This problem is treated in [5]. 

In this section, we consider the equation (5.3.1) as the special case for k — 1 of 


x! (x F1? (x -2Y FE (x+n—1)? 
=x +y +1? + 0+2? + + O+ntk-1), (5.3.2) 


i.e., the case where the sum of n consecutive squares equals the sum of n + k 
consecutive squares, and present results for k > 2. We will use the approach in [3]. 


Theorem 5.3.1. The equation (5.3.2) is not solvable for k = 3,4, or 5 (mod 8). 


Proof. The sum S of squares of n consecutive integers, modulo 4, is listed in the 
table: 


n 1 2 3 4 5 6 7 8 
S (mod 4) 0or1110r2220r3300r30 


Clearly, beginning with n = 9, the row for S (mod 4) must repeat itself and 
continue to do so with the length of the period equal to 8. Now, if the sum of n 
consecutive squares is to equal the sum of n + 3 consecutive squares, there must 
be, for some n, a number in the S-row which also appears in the S-row for n + 3. 
This, however, is not the case for any value of n. Since the column of entries in the 
S-row repeats with period 8, the same is true for any value of k = 3 (mod 8). The 
same argument can be used to prove the nonexistence of solutions for k = 4 or 5 
(mod 8). 


Theorem 5.3.2. The equation (5.3.2) is not solvable for k = 7,11,16, or 20 
(mod 27). 


Proof. Using the formula for the sum of the first n squares, (5.3.2) can be 
rewritten as 


or 


n(2x --n — 1 = (n-- K)(2y -n--k 1)? +h? +k?°n+k(k? —1)/3. — (5.3.3) 
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Letting 
z—2x4n—1 and w=2y+n+k-1, 
we can rewrite (5.3.3) as 
nz? = (n+ kw? + kn? + k?n + k(k? — 1)/3. (5.3.4) 


Considering first the case where k = (mod 27), we substitute into (5.3.4) k = 
27X + 7 and obtain 


nz? = (n+ 27A + T)w? + (27A + 7)n? + (27A + T?n 
+ (27A + 7)(243X? + 126A + 16). (5.3.5) 
If n = 0 (mod 3), the left-hand side is congruent to 0, modulo 3, while the right- 
hand side is congruent to w? +1, modulo 3, so that w? = 2, which is a contradiction. 
If n = 2 (mod 3), a contradiction is similarly obtained as the left-hand side is 
congruent to 2z”, modulo 3, and the right-hand side congruent to 1, modulo 3. 
If in (5.3.5), n = 1 (mod 3), we obtain 
z = 2w? (mod 3), 
which is satisfies only if z = w = 0 (mod 3), so that we can set 
z—3z and w=3w, n=3m+1, 
which, when substituted into (5.3.5) yields 
(3m + 1)9? = (3m4-21A4-8)9w ^ -- (274-7) (3m4-1)? -(2TA4-T)? (3m441) 
+(27A + 7)(243A? + 126A + 16), 
which immediately leads to a contradiction, since the left-hand side is congruent to 
0, modulo 9, while the right-hand side is congruent to 6, modulo 9. 
By substituting into (5.3.4) k = 27A + 11, k = 27A + 16, and k = 27A + 20, and 


using the procedure shown above for k = 27A + 7, we can similarly show that there 
are no solutions for (5.3.2) if k = 11,16, or 20 (mod 27). 


We now turn to the question of finding values of k for which solutions to (5.3.2) 
exist. Such solutions can be obtained either by an analysis of (5.3.4) which is 
equivalent to (5.3.2) or by programming a computer to find solutions directly from 
(5.3.2). Using both methods, all values of k < 100, not excluded by Theorems 5.3.1 
and 5.3.2, were considered and solutions found for the values of k indicated in the 
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following table. In each case, we also list a solution for the indicated value of n and 
give x and y, as defined by (5.3.2). 


x y kn x y |k n x y 
28 15 |39 2 25169 5539 |64 16 740 294 
405 378 104 712 378 23 
23 6 |4111 1551 690 |7210 163 13 
25 8 |4225 77 18 7373 217 102 
15 2 2743 933 |46 1 3854 539 785 754 143 
1717 33 11 |48 2 2603 496 |7979 312 166 
18 3 127 38 |49 2 210 14 |80 3 2196 376 
2211 38 7 |50 3 243 30 813 1257 195 
23 2 8453 2379 5439 160 67 |8643 188 51 
24 2 24346 6740 |55 55 128 51 |87 2 510565 76493 
25 25 123 70 |5614 151 33 |8989 227 97 
26 3 1417 442 |5719 183 56 |90 3 3521 586 
314 196 49 |58 11 36927 14712]94 33 608 253 
32 3 239723 70167/62 25 5316 2813 |95 2 716 51 
3311 313 137 |63 2 236 5 |96 1 679 15 


ow wo ols 
= 
w 
N 
c 
N 


Thus the first entry in the table means that 
28? + 29? + 30? +31? +32? = 15? +16? +- + 25°. 


In the table above, no attempt was made to list for each given value of k the 
smallest value of n for which there exists a solution, since, as is evident from an 
inspection of the table, small values of n are frequently associated with very large 
values of x and y. 

For each pair of values (k,n) for which a solution is given in the above table, 
infinitely many additional solutions can be obtained as follows. 

Letting 


k(k2 — 1) 
3 


kn? + kên + =A 


equation (5.3.4) can be rewritten as nz? — (n + k)w? = A or, multiplying both sides 
by n, 
u? — Dw? = N, (5.3.6) 


where u = nz, D = n(n + k), N = nA. 
Now if (hm, km) is the general solution of Pell's equation 


h? — Dk =1 (5.3.7) 
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and (u1, w1) is any solution to the general Pell's equation (5.3.6), then 


Um = Ujhy + Dwikn, Wm = uj ky EWihn, m0 (5.3.8) 


are solutions to the equation (5.3.6). For details we refer to Section 4.3. 

On the other hand, equations (5.3.8) do not necessarily give all solutions for a 
given pair of values (k,n). Indeed, any attempt to find all solutions for given n and 
k is bound to lead to presently unsurmountable difficulties as complete solutions 
of (5.3.6) are available only for n < VD, and this condition will generally not be 
satisfied for k > 1 (see Section 4.3.4). 

While in the case k = 1 (see [4] and [5]) it was shown that solutions exist for 
all values of n, for which n and n + 1 are squarefree, it can easily be shown that 
for k > 1, even if there exists a solution for some n, there may be none for others. 
Thus, for example, it can be shown that for k = 6, solutions can exist only ifn = 1 
or 5 (mod 6). Such facts can be established by arguments similar to those used in 
the proof of Theorem 5.3.1, making use of the facts that the sequence of values of 
S (mod 4) in the table of that proof has period 8 and that, if a similar table were 
constructed for the sequence of values of S (mod 3), it would have period 9. 

It is of interest to note that Theorems 5.3.1 and 5.3.2, together with the table of 
solutions of equation (5.3.2) for k < 100, presented above, answers for all but 6 
values of k the question as to whether or not a solution of (5.3.2) exists for values of 
k € 100. These 6 values are k = 2, 14, 30, 66, 82, 98. No general method for proving 
the existence or nonexistence of solutions in individual cases seems to suggest itself. 
To illustrate typical proofs, we show below the ones for the case k — 2, where the 
knowledge of the Jacobi symbol is involved leads to a solution, and k — 14, where 
an analysis of the highest power of 2 dividing the constant term of (5.3.4) solves the 
problem. 


Theorem 5.3.3. The equation (5.3.2) is not solvable for k = 2. 


Proof. 'The sum S of the squares of n consecutive integers, modulo 12, is listed in 
the following table. 


S (mod 12) 
0,1,4, or 9 
lor5 
20r5 
20r6 
3,6, 7, or 10 
7 

4,7,8, or 11 
0 or 8 

0 or 9 
lor9 
1,2, 5, or 10 
2 


«eoo-1c»cuguscrn-zn--3Ss 
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Obviously, for 13 € n € 24, the values of $ (mod 12) are those of the above 
table increased by 2, while those for 25 < n < 36 are those of the above table 
increased by 4, etc. From this, it is immediately seen that all values of n except 
nz 5o0r11 (mod 12) cannot give solutions. 

Now substituting n — 12m 4- 5 into (5.3.4) yields 


(12m + 5)z? = (12m + 7)w? + 72(2m + 1)?, 
so that 
—22? = 72(2m + 1)? (mod 12m +7) 
or 
zz —36(2m + 1)? (mod 12m +7), 
which means that the Jacobi symbol (—1/12m + 7) must have the value +1, which 
is a contradiction. 


An entirely similar analysis for the case n = 12m + 11 leads to another 
contradiction. 


Theorem 5.3.4. The equation (5.3.2) is not solvable for k = 14. 


Proof. By simple congruence analysis we find that all values of n exceptn = 1 
(mod 4) can be excluded. Now substituting n = 4m + 1 into (5.3.4) yields 


(4m + 1)z? = (4m + 15)w? + 14(4m + 1)? + 196(4m + 1) + 910. (5.3.9) 


Considering the above equation, modulo 4, we obtain z? = 3w? (mod 4), which 
shows that z and w must both be even. 
Now, if m is even, then (5.3.9) can be rewritten by letting m = 2m’ as 


(8m! + 1)z? = (8m! + 15)w? + 224(4m!? + 8m + 5). 


Since letting z = 2z’, w = 2w’ leads exactly as shown above to the conclusion 
that z’ and w’ must be even, we let z = 4z' and w = 4w’ and divide by 16 to obtain 


(8m! + 1)z? = (8m! + 15)w^ + 14(4m’* + 8m! + 5). 
Considering this equation modulo 8, we obtain 
12 


z? = —w +6 (mod 8), 


which is a contradiction, since the left-hand side is congruent to 0,1, or 4 (mod 8), 
while the right-hand side is congruent to 2,5, or 6 (mod 8). 
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Now m is odd, then (5.3.9) can be rewritten by letting m = 2m’ + 1 as 
(8m' -- 5)z? = (8m' + 19)w” + A48(2m" + 6m! +5) 
or, diving both sides by 64 and letting w = 8w’, z = 82’, as 
(8m! -- 5)z? = (8m! -- 19)w^ + T(2m"? + 6m' +5). 
Considering this equation modulo 4, we obtain 


z^ = 3w^ +3 (mod 4), 


which again is a contradiction. 


5.4 The Equation x? + 2(x +1)? - --- -n(x -n — 1? = y? 
In this section, following [229], we will discuss the equation 

x! 2(x-1P--.-.--n(x-n-1?2y (5.4.1) 
determining the values of n for which it has finitely or infinitely many positive 
integer solutions (x, y). 
Theorem 5.4.1. For each n > 2 the equation (5.4.1) is solvable and it has infinitely 


n(n 4- 1) 
2 


many solutions unless is a perfect square. 


Proof. The equation (5.4.1) can be written immediately into the form 


ee 1) 2, 3n- n TEE. ine Din + DOR -2 Lg. (542) 


The substitutions 


n(n + 1) 


k= i 
2 


u = 3x+2(n—- 1), v= — 


along with the observation 


(n — 1)n(n + 1)(n + 2) 


I = k(k — 1) 


reduce (5.4.2) to the general Pell's equation 


u? — kv? = 1 — k. (5.4.3) 
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For all positive integral values of k, the equation (5.4.3) admits the solution ug = 
2n + 1, vo = 3, corresponding to the solution x = 1, y = k of (5.4.1) which is the 
familiar formula for the sum of the first n cubes. Thus (5.4.1) has always at least one 


solution. 
(n+ 1) 
2 


n . f 
Now, let k = be a nonsquare. In this case the Pell’s equation 


U? — kV? =1 (5.4.4) 


has the solutions (Um, Vm)m>o given in Sections 3.2, 3.3, 3.4. 
By using the theory of general Pell's equation developed in Chapter 4, it follows 
that if (uo, vo) is a solution of (5.4.3), then 


Um = ug Um F kvo Vm, Um = VoUm Ex uo Vm, m= 0, 1, stents (5.4.5) 


are solutions to (5.4.3). 
These will give solutions to (5.4.1) in all cases where 


Um +2—2n kvm 
x = ——————— and y= 
3 3 


(5.4.6) 


are integers. We proceed to examine these. 

If n = 1 (mod 3), then k = 1, uo = 0, vo = 0 (mod 3), and each um, Um given 
in (5.4.5) will satisfy um = 0, Um = 0 (mod 3), which imply that x and y in (5.4.6) 
are integers. 

If n = 2 (mod 3), then k 0, uo 2, vo 0, U = 1 (mod 3) hence 
Uo = 10r2 (mod 3). For Uo = 1 (mod 3) the relations (5.4.5) show that um = 2, 
Um + 2 — 2n = 0, kum = 0 (mod 3), hence x and y in (5.4.6) are integers. For 
Uo = 2 (mod 3) we have u,, = 1 (mod 3), and x is not an integer. However, in 
this case, from (5.4.5), u,41 = 2 (mod 3) so that the corresponding x and y are 
integers. 

Analogous study of the case n = 0 (mod 3) gives a similar result. Hence, in all 
cases, at least alternate members of the infinite sequence of solutions to (5.4.3) give 
integral values of x, y which satisfy the equation (5.4.1). 


Remark. One may determine explicitly (see [15]) the integers n for which k = 


1 
HUE is a perfect square. This reduces to finding the solutions to the equations 


n(n + 1) = 2s? or, equivalently, (2n + 1)? — 8s? = 1. The last Pell’s equation has 
solutions (2n; + 1, s;);>1, where 


2n +1= ; (3 + v8) à (3 = vs) | (5.4.7) 
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From (5.4.7) it follows that all positive integers n with the above property are 
given by 
2 


met 1) ime X if lis odd 


2 

nı = (5.4.8) 
l 112 

( a ae = v2) | if lis even 


2 


5.5 The Equation (x? + a)(y? +b) = F?(x,y,z) 
In this section we study the general class of Diophantine equations 
(x? + a)? +b) = F’? (x,y,z) (5.5.1) 


where F : Z} x Z4 x Z — Z* is a given function and a,b are nonzero integers 
satisfying |a|, |b| < 4. 

It is clear that if only one of x? +a or y? +b is a perfect square, then the equation 
(5.5.1) is not solvable. In the given hypothesis, x? + a and y? + b are simultaneously 
nonzero perfect squares only if |a| = 3 and |b| = 3 in which situation (x, y) is one 
of the pairs (1,1), (1,2), (2,1), (2,2). For these pairs we must have 


F(1,1,z)=+4, F(1,2,z)=+2, F(2,1,z)=+2, F(2,2,z) =41. 
(5.5.2) 


It remains to find z from the corresponding equations in (5.5.2), a problem that is 
strictly dependent upon the function F. 

In order to have a unitary presentation of our general method, we may assume 
that x > 3 and y > 3. 

From the above considerations we may assume that none of x? + a and y? + b is 
a perfect square. From (5.5.1) it follows that x? + a = du? and y? + b = dv? for 
some positive integers d, u, v. The last two equations can be written as 


x? — du? = —a and y*—dv?-——b (5.5.3) 


which are general Pell's equations of the form X? — dY? = N, where |N| < 4. 
Define the set 


P(a,b) — (d € Z: dis nonsquare > 2 and (5.5.3) are solvable} (5.5.4) 


and for any d in (a, b) consider the general solutions (x(d), u(d)) and (y(d), v(d)) 
to the equations (5.5.3) (see Chapter 4 for details). 
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We have x?(d) + a = du? (d) and y?(d) + b = dv? (d) hence 


F(x(d),y(d),z) = +du(d)v(d). (5.5.5) 


Denote by Z, the set of all integers z satisfying the equation (5.5.5). 

The solutions to the equation (5.5.1) are (x(d), y(d), z), where d € P(a,b) and 
z € Z4. 

To illustrate this method let us consider the following concrete examples. 


5.5.1 The Equation x? + y? + z? + 2xyz = 1 


In the book [25] the above equation is solved in integers. Indeed, it is equivalent to 
(? - 260? -1) = Gy +2), (5.5.6) 


an equation of the form (5.5.1), where a = b = —1and F(x,y,z) = xy +z. 
In this case P(—1, —1) = (d > 0: d nonsquare], as we have seen in Chapter 3. 
Let (si(d), t;(d));>0 be the general solution to Pell’s equation s? — dt? = 1. From 
the general method, it follows that the integral solutions to the given equation are 


(+5m(d), 5s, (d), —Sm(d)S8n(d) + dt, (d), (d)), (5.5.7) 


for all m, n > 0 and d € P(—1, —1). 
Using either of relations (3.2.2), (3.2.5), or (3.2.6), one can prove the following 
equalities 


Sm(d)Sn(d) + dt, (d)t,(d) = Sm4n(d), m,n >0 
Sm(d)Sn(d) — dtm(d)ty(d) = Sm_n(d), m>n>0. 


The triples (5.5.7) become 


( Sm(d), Sn(d), —Sm n(d)), m,n > 0 
( Sm(d), Sn(d), D m > n> 0, (5.5.8) 


where the signs + and — correspond. 

Given the symmetry of the equation in x, y, z, in order to obtain all of its solutions, 
we need to also consider the triples obtained from (5.5.8) by cyclic permutations. 
We mention that the solutions found in [216] are not complete. 


Remark. The equation 


ety? +27 + Ixyz= 1 (5.5.9) 
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has an interesting history. Its geometric interpretation has been pointed out in [30], 
where it is shown that it reduces to finding all triangles whose angles have rational 
cosines. 

The general solution in rational numbers of this equation is given [33]: 


b? +c? — a? a+c?—b? a? +b? — ¢? 


2bc ; 2ac , 2ab 


In the paper [167] it is noted that apart from the trivial solutions (+1, 0, 0), 
(0, +1,0), (0, 0, +1), all integral solutions to the equation (5.5.9) are given by the 
following rule: if p, q, r are any integers with greatest common divisor 1 such that 
one of them is equal to the sum of the other two and if u > 1 is any integer, then 


x= +ch(p6), y= +ch(q6), = -ch(r8) 


where 0 = In (u + vu? — 1) and u > 1 is an arbitrary integer. 
In the papers [148, 149] it is studied the more general Diophantine equation 


XL Hy +2 +4297 =n. (5.5.10) 


It is proved that this equation has no solutions in integers if n = 3 (mod 4), 
n= 6 (mod 8), n = +3 (mod 9), n = 1 — 4k? with k ZZ 0 (mod 4) and k has no 
prime factors of the form 4j 4-3, or n = 1 — 3k? with (k, 4) = 2, (&, 3) = 1 and k has 
no prime factors of the form 3j 4- 2. On the other hand, one solution to the equation 
(5.5.10) implies infinitely many such solutions, except possibly when n is a perfect 
square having no prime factors of the form 4j + 1. Also, there are infinitely many 
solutions if n = 2" and r is odd, but only the solution x = y = 0, z = 22 and its 
cyclic permutations when r is even. 


5.5.2 The Equation x? + y? + z2 — xyz = 4 


The problem of finding all triples of positive integers (x,y,z) with the property 
mentioned above appears in [7]. These triples were found by using our general 
method described at the beginning of this section. Indeed, writing the equation in 
the equivalent form 


(x? — 4)(y? — 4) = (xy — 22)? 


we note that in (5.5.1) we have a = b = —4 and F(x,y,z) = xy — 2z. Both of 
the equations (5.5.3) reduce to the special Pell’s equation s? — dt? = 4, which was 
extensively discussed in Section 4.3.2. Let (s;(d), t(d)):>0 be the general solution 
to the equation s? — dt? = 4 given in (4.4.2) or (4.4.5). From (5.5.5) we obtain 
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zi = z (su(d)ss(d) + dts (d)t&(d)) = Sm4n(d) 


1 
2 


and 


DR 5 (Sms (d — dt, (d), (4) = sp... (4). 


The general positive integral solutions to the equation x? + y? + z? — xyz = 4 are 
(Sm(d), Sn (d), S. (d)), m, n > O and (Sm(d), Sn (d), Sm—n(d)), mz nz 0 


along with the corresponding permutations. 


5.5.3 The Equation (x? + 1)(y? + 1) = z? 


In order to solve this equation in positive integers x, y, z note that a — b — 1 and 
F(x, y,z) = z. The equations (5.5.3) become the negative Pell’s equation s? — dt? = 
— 1. As we have seen in Section 3.6 the set P(1, 1) is far from easy to describe. The 
general solution of this equation is 


(Sm, $n; dtmtn), 


where m, n > 0 and d € P(1,1). 
In a similar way one can solve the equations in (k + 1) variables: 


la add. dl ey (5.5.11) 


for any choice of the signs + and —. 


5.5.4 The Equation (x? — 1)(y? — 1) = (2 — 1)? 
The problem of finding all solutions in positive integers to the equation 
(x7 — 1)? — 1) = (z? - 1)? (5.5.12) 


is still open [82]. Partial results concerning this equation were published in [120, 
222, 227], and [228]. 

In what follows we will describe the set of solutions to the equation (5.5.12). Our 
description will show the complexity of the problem of finding all of its solutions. 
The equation (5.5.12) is of the type (5.5.1), where a — b — —1 and F(x,y,z) — 
z? — 1. By using the general method presented at the beginning of this section, 
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we can describe the set of solutions to (5.5.12) in the following way: Fix a nonsquare 
d > 2 and consider the Pell’s equation s? — dt? = 1. It is clear that the solutions to 
(5.5.12) are of the form (Sm, Sn, Zm,n)mn>0, Where (sx, tk)k>o is the general solution 
to the above Pell's equation, Zinn = V1 + dtmtn, m,n > 0 and 1 + dtmty is a perfect 
square. 

Let 


Ca = {(Siny Sn, Zn) : 1 + dtmtn is a square, m,n > 0]. 


The set of all solutions to (5.5.12) is 


C= |] Ca 


d>2 
vigQ 


Note that for all nonsquare d > 2, Cy contains the infinite family of solutions 
(Sm, Sm, $m), Mm È O, but this is far from determining all elements in C4. 


5.6 Other Equations with Infinitely Many Solutions 


5.6.1 The Equation x? + axy + y? = 1 


In the book [26] we determine all integers a for which the equation 
2 2 
x“ +axy+y=1 (5.6.1) 


has infinitely many integer solutions (x, y). In case of solvability, we find all such 
solutions. Clearly, (5.6.1) is a special case of the general equation (4.8.1). 


Theorem 5.6.1. The equation (5.6.1) has infinitely many integer solutions if and 
only if |a| > 2. 

Ifa = —2, the solutions are (m, m4-1), (m--1, m), (—m, —m—1), (-m—1, —m), 
m € Z. 

Ifa = 2, the solutions are (—m,m 4- 1), (m+ 1, —m), (m, —m — 1), (m — 1, m), 
m € Z. 

If |a| > 2, the solutions are 


(—vn, oi (Un, —Un41), (Stas Un), [85:15 eui. (5.6.2) 
where 
1 Jae —4\" -vya —4\ 
= arve B m 
a2—4 2 2 
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Proof. Rewrite the given equation in the form 
(2x + ay)? — (a? — 4)y? = 4. (5.6.4) 


If |a| « 2, then the curve described by (5.6.4) is an ellipse, and so only finitely 
many integer solutions occur. 

If |a| — 2 then the equation (5.6.1) has infinitely many solutions, since it can be 
written as (x + y)? = 1. 

If |a| > 2, then a? — 4 is not perfect square. In this case we have a special Pell's 
equation of the form 


i? — (a — 4o? — 4. (5.6.5) 


This type of equations was extensively studied in Section 4.3.2. 
Note that a nontrivial solution to (5.6.5) in (a, 1). Using the formula (4.4.2) we 
obtain the general solution (un, Vn)n>1 to (5.6.5), where 


u 1 a+ Va? —4 " a—vVa*—A4 i Eg 
Un = med E 2 , n>. 


From formulas (4.4.3) the sequences (Up)n>1, (Un)n>1 satisfy the recursive 
system 


Uni = -aun + (a? — 4yv,] 
(5.6.6) 


Unt1 = (Un = avn), n> 1. 


From (5.6.4) it follows that the nontrivial integer solutions (x, y) to the equation 
(5.6.1) satisfy 


2x+ay=+u, and y=+u,,n>1 (5.6.7) 


where the signs + and — correspond. 
If 2x + ay = un and y = vp, then from (5.6.6) it follows that 


1 1 
x= Piu — avn) = 4 taa + (à? — 4)u, 4 — au, — a2U, 1] = —Un—1. 
We obtain the solution (—v,, v,,1)5»1. The choice 2x + ay = —u, and y = 


—vy yield the solution (Vn, —Un+1)n>1 which in fact reflects the symmetry (x, y) > 
(—x, —y) of (5.6.1). 


132 5 Equations Reducible to Pell's Type Equations 


The last two solutions in (5.6.2) follow from the symmetry (x, y) — (y, x) of the 
equation (5.5.1). 


Remark. In the case a — —m, where m is a positive integer, the equation (5.6.1) 
was solved in positive integers by using a complicated method involving planar 
transformations in [31, pp. 70-73]. 


2 


. x*-c-1 ^ 
5.6.2 The Equation ——— = a^ + 1 
y*-1 


We will prove that if a is any fixed positive integer, then there exist infinitely many 
pairs of positive integers (x, y) such that 


2 


+1 
ug @ +1. (5.6.8) 


This means that the set (Jj, = m? +1 : m = 1,2,...) contains infinitely many 
pairs (Jx, Jy) such that Jy = J4J,. 
The equation (5.6.8) is equivalent to the general Pell’s equation 


x* — (a? +1)y? =a’. (5.6.9) 


We notice that equation (5.6.9) has particular solutions (a? — a + 1,a — 1) and 
(a? +a + 1,a + 1). Let (un, Un)n>o be the general solution of its Pell’s resolvent 
u? — (a? + 1)v = 1. The fundamental solution to the Pell’s resolvent equation is 
(u1, v1) = (2a? + 1, 2a). 

Following (4.1.3), we construct the sequences of solutions (x,, Yn)n»0 and 
(X5: Yh n>0 to the equation (5.6.8): 


Xn = (a? — a + 1)us + (a — 1)(a? + 1)v, (5.6.10) 

Yn = (a — 1)un + (a a t l)v, B 
and 

x, = (a? +a + Lun + (a + 1) (8? + Do, (5.6.11) 

y, = (a+ Du, + (a? +a + 1o, B 


We will show now that for all a > 3 the solutions (Xn, ys)n»0. Xp; Y5)n»0 are all 
distinct. In this respect, following the criterion given in Section 4.1 it suffices to see 
that at least one of the numbers 


/ xw yy up 
xx — yy d ad S699 
N N 
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is not an integer. Here (x, y) and (x’, y’) are solutions to the general Pell’s equation 


Xx? 


— dY? — N. Indeed, 


xx —»yd (aœ —a+1)(@ +a+1)-—(a—1)(a+1)(a +1) _ 
N 7 a? i 
a* +a? +1-at+1 2 
= a =1+,¢2. 


Remarks. 1) The equation 


2 


— 


3) 


4 


— 


(210^ -1-22-1 (5.6.12) 


was known even to Diophantus. It was him who pointed out the solutions 
(k, 0, ), (k, k + 1, ? +k + 1), where k is a positive integer and the signs + 
and — correspond. 

The problem of finding all solutions to (5.6.12) in positive integers appears in 
[173]. Unfortunately, the solution presented there was incorrect. 
It is clear that if y = x + 1, then (x? + 1)? + 1) = (x? + 1)(x? + 2x + 2) = 
(x? +x + 1)? + 1, hence the equation (5.6.12) has infinitely solutions (x, y, z), 
where x and y are consecutive positive integers. 

In the case when x is fixed, the problem of finding infinitely many y and 
z Satisfying (5.6.12) also appears in [205] and it is solved by using a suitable 
negative Pell’s equation. 
A weaker version of the same problem appears in [89] as follows: the sequence 
of numbers J; = I? + 1, 1 = 1,2,... contains an infinity of composite numbers 
Jy = Jm Jn. In fact, in the mentioned reference, for an arbitrary fixed m, only 
three pairs of corresponding n, N are found: 


Jin2—m+1 = Jm’ Jn, Jin2+m+1 — Jn Jui and Jom2.-Em = Jm’ Joy. 


The equation (5.6.8) is completely solved in rational numbers in [50]. Its general 
solution is given by 


x = f(a) 
m 2 2r(a) 
yg r?(a) +1 Pa) +1! 4)» 
where 
u i (a? + 1)(r(a) + 1)? 
f= ~ r?(a) + 2ar(a) - 1 


and r(a) is any rational function of a. 


134 5 Equations Reducible to Pell's Type Equations 
5) A slightly modified equation is given by 


2 
x*—1 2 


This equation can be solved completely [139]. Indeed, it is equivalent to 


x —(y? —1)2 = 1. 


It is not difficult to see that (y, 1) is the fundamental solution to this equation 
and that all solutions are given by (Xn, Y, Zn)n>0, Where y is any integer greater 
than 1 and 


- zzi e 3 - G- ve] 


6) Another equation related to (5.6.12) is 


2 
+1 
ay (5.6.14) 
y7+1 


This equation can be solved completely as well. We write it under the form 
x —(y? +1) =-1, 


a negative Pell’s equation with minimal solution (y, 1). Using formulas (3.6.3) 
we obtain the general solution (Xn, Zn )n>0. 


1 2n+1 2n4-1 
5 [or VF +1) + (y- y! +1) 


Xn 


1 2n+1 2n+1 
Yn = — F — ER + 1) -(»- y! 1) | 


2 


All solutions to (5.6.14) are given by (Xn, Y, Zn)n>0, where y is any positive 
integer. 
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5.6.3 The Equation (x + y +z)? = xyz 


Generally, integer solutions to equations of three or more variables are given in 
various parametric forms. In this section we will construct different families of 
infinite nonzero integer solutions to the equation: 


(x -- y z)? = xyz. (5.6.15) 


Following our paper [8] we will indicate a general method of generating such 
families of solutions. We start by performing the transformations 


u+ vu u— u 


= —b .6.1 
ga Ta 3 z th z (5.6.16) 


eS 


where a and b are nonzero integer parameters that will be determined in a convenient 
manner. The equation becomes 


b 
(u 4-2a4- b)? = qe — v?) + abu + à?b. 


Imposing the conditions 2(2a + b) = ab and b(b — 4) > 0 yields the general 
Pell’s equation 


(b — 4? — bv? = 4[(2a + b)? — ab). (5.6.17) 


The imposed conditions are equivalent to (a — 2)(b — 4) = 8, and b < O or b > 4. 
A simple case analysis shows that the only pairs of integers (a, b) satisfying them 
are: (1, —4), (3,12), (4, 8), (6, 6), (10,5). 

The following table contains the general Pell's equations (5.6.17) corresponding 
to the above pairs (a, b), their Pell’s resolvents, both equations with their fundamen- 
tal solutions. 


(a, b) |General Pell's equation (5.6.17) Pell's resolvent and its 
and its fundamental solution | fundamental solution 


(1, —4) 2u? — v? = —8, (2,4) r? — 2s? = 1, (3,2 
(3,12)| 2u? — 32 = 216, (18,12) | r? — 6s? — 1, 
(4, 8) u? — 2v? — 128, (16,8) r? — 285? — 1, 
( 
( 


(6,6) | u? —3v? = 216, (18,6) | r?—3s? =1, 
(10, 5) u? — 5v? = 500, (25,5) r? — 5s? = 1, 


By using the formula (4.5.2) we obtain the following sequences of solutions to 
the equations (5.6.17): 


(D = rk) ASQ, of) = Arf) + AsD 


m 
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where i Par s/2 = (3+ 21/2)", m > 0; 
ul?) = 18r(D + 36s), v = 12r® + 365) 
where 72 yy sP V6 = (5 + 2/6)", m > 0; 
ul) = 16r) + 16s), — (9 = gr) + 1650) 
where 73 Pa s2)./2 = (3+ 2/2)", m> 0; 
u) = 18r4) + 188), (9 = 6r + 1854 
where rt Fa sV = (2+ V3)", m0 
ul) —25r(9 + 25565), v (9 = 5,9 25,0) 
where 7) 340. B = (9+ 445)", m> 0. 


an (5.6.16) yield the following five families of nonzero integer solutions 


to the equation (5.6.15): 


xD = 3r + 45) +1, yh) = - (Dp FL zo» =-4, m0 
x2 = 15r + 3682) +3, y2.—3,0.43, ;2—12, m>0 
x 212r 4168944, y 2 pO +4, 028 m>0 
x4) = 12/0 4195846, yO =6r%+6, z =6, m> 
x) = 15r) 4.255) +10, y® =1075) +10, 2) —5, m>0. 


Remark. In the recent paper [78] the following approach to generates solutions to 
the equation (5.6.15) is indicated. Taking z = kx—y, for some integer k, our equation 
is equivalent to y? — kxy + x(k + 1)? = 0, which is a quadratic equation in y, hence 


; (kx + Vie? - 


Now, let k?x? — 4(k + 1)?x = a?, for some integer a. Treat this relation as a 
quadratic equation in x, we have 


y= A(k + 1j) 


= 2(k + 1)? + J/A(k + 1)4 + 222. 

Again, consider 4(k + 1)* + k?a? = P?, for some integer b. Considering the last 
equation as (2(k4- 1)2)? + (ka)? = b?, which is a Pythagorean, we get the following 
two possible situations 
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b=u? +? b=u2+v? 
ka = u? — v? and ka = 2uv 
(k +1)? = uv 2(k +1)? =u? — v? 


where u,v € Z. Therefore, in order to generate solutions to equation (5.6.15), we 


start with two integers u,v such that uv or is a perfect square (k + 1)?. 


ur — v? 


ora = d and b = u? + v?. Finally, we obtain 


Then, we find a — k 


1 
x=2(k+1)? +b, y= 5 ex t a), z= kx— y. 


Clearly, every pair (u,v) generates at most two values of k for each system 
considered above. Let us illustrate the method by the following special situation. 


3 5 
Example. Let ka = z% + 1)25, b = ~(k + 1)?, be the special solutions to the 


equation (2(k + 1)?)? + (ka)? = b?. Then we obtain from families (x,y) the 
solutions: 


= in (ae e), 


2k2 C k 2k2 C k 
(k+1)? (k+1)? (kK+1)? 2(k+1)? 
2k? " k i Q2k2 7 k f 
In order to get integer solutions, the only possibilities are k = —3, —1, 1, 3, giving 


the solutions (0, 0, 0), (18, 12, 6), (8, 16, 8), (—2,2 — 4), (—2, —8,6). 


5.6.4 The Equation (x + y +z + t)? = xyzt 


Using the method described in Section 5.6.3 we will generate nine infinite families 
of positive integer solutions to the equation 


(x yt zt 0? = xyst. (5.6.18) 


We will follow the paper [9]. 
The transformations 


WTU i | 0u4—9 
2 vue 


WX. 


+a, z=b, t=c (5.6.19) 
where a, b, c are positive integers, bring the equation (5.6.18) to the form 


b 
(ut+2a+b+c)? = qn — v?) + abcu + a?be. 
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Setting the conditions 2(2a 4- b 4- c) — abc and bc 4, we obtain the following 


general Pell's equation 
(bc — 4? — bev? = 4[(2a + b +c)? — a? bc]. (5.6.20) 


There are nine triples (a, b, c) up to permutations satisfying the above conditions: 
(1,6,4), (1,10,3), (2,2,6), (3,4,2), (3,14,1), (5,2,3), (4,1,9), (7,1,6), (12,1,5). 

The following table contains the general Pell’s equations (5.6.20) corresponding 
to the above triples (a,b,c), their Pell's resolvent, both equations with their 


fundamental solutions. 


(a,b,c) |General Pell's equation (5.6.20) Pell's resolvent 
and its fundamental solution land its fundamental solution 


(1,6,4)| 5u? — 6v? = 120, (12,10) | 1? — 30s? — 1, (11,2) 
(1,10,3)| 13u2 — 15v? = 390, (15,13) | r? — 195s? = 1, (14,1) 
(2,2,6)| 2:2 — 3v? = 96, (12,8) r? — 6s? = 1, (5,2) 
(3,4,2)| u? — 2u? = 72, (12,6) r? — 252 = 1, (3,2) 
(3,14,1)| 5u? — Tv? = 630, (21,15) r? — 35s? = 1, (6,1) 


(4,1,9)| 5u? —9v? = 720, (42,30) | r? — 45s? = 1, (161,24) 
(5,2,3)| u? — 3v? = 150, (15,5) r? — 35 = 1, (2,1) 
(7,1,6)| wu? — 3v? = 294, (21,7) r? — 3s? = 1, (2,1) 
(12,1,5)| u? — 5v? = 720, (30,6) r? — 5s? = 1, (9,4) 


By using the formula (4.4.2) we obtain the following sequences of solutions to 


equations (5.6.20): 
uD) = 12r) + 60s), v® — 107 P + 60s), 


where r9 4 DNE: —(11- 2/30)", m 20; 


ul) = 15r +1958, | y) — 137) + 19552), 


where r2 +s V 195 = (14 + v195)”, m > 0; 


u = 1279 + 2459, y3) = 8r + 245(3) 


where 73) + 6 = (5+ 2/6)", m > 0; 


u (D = 12r“4) + 125(4) yA) = 6r\4) + 125(D, 
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where 7) + sP V2 = (3 + 2V2)”, m > 0; 


ul?) = 217) a5 105s(9), y) = 15r(9 +4 105s), 


where re ) US = (6 + v35)”, m > 0; 


u(9) = 42r(9 + 2708(0. — (9 = 30r(® + 2108(9, 


where r{°) + (9) /45 = (161 + 24/45)", m > 0; 


uf = 1500? 415s, (D = Sr +1580, 


where rad Eg Mfg = (2+ /3)", m0 


u C) = = 21r(9 + 215) y®) = 7r (b + 21s(9, 


m ? 


where rG ah = (2+ v3)", m>0 


u) = 30r) + 30s, — (9 = 6r + 30s, 


where 7 ) 4 S9 5- (9+ 445)", m> 0. 
Formulas (5.6.19) yield the following nine families of positive integers solutions 
to the equation (5.6.18): 


pond +605 41, =O 41, a6, a4 


xD m 14r 02 t 195502 ue 1, x2 = ro E 1, 22) = 10, 1?) =3 
(3) — 1073) + 2458) 4.2, yO) 22,0 +2, 28) =2 13) =6 
x9 = 1974 4198943, yO =3r® +3, 4 {P =2 


m 


x9 = 187%) + 105s) +3, yO) 23,59 43, 2) =14, 1) =1 
x(9 = 36r(9 + 2405) +4, y = 6rl® +305 +4, 26) =1, ®© =9 
x) = 107) +1589 +5, y =5r 45, z2 =2, (P =3 


m 


m 


x9 = 1478 49188) +7, y =77°8%47, 28 =1, (89226 
x) = 187 + 3050) +12, yO = 127 +12, 2) =1, 1) =5. 


Remarks. 1) In [194] only solution (x, (7) (7 ) D. ) iP) is found. 


2) Note the atypical form of solution ( x X9. KOJ £ PT 20. 
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5.6.5 The Equation (x + y +z + t)? = xyzt + 1 


The equation 


(x - yz? =xzt+1 (5.6.21) 


is considered in the paper [79], where the method to generate families of solutions 
is similar to the one described in the previous section. Introduction of the linear 
transformations 


x=u+v+a, y=u—v+a, z=b,t=c, (5.6.22) 


where a, b, c are positive integers, leads (5.6.21) to the form 
(bc — Au — bev? = (2a +b + cy? — a?bc — 1, (5.6.23) 


in which bc > 4 and 2(2a+b+c) = abc. There are six triples (a, b, c) satisfying the 
above conditions, namely (5,2,3), (7,1,6), (12,1,5), (1,10,3), (3,14,1), (4,1,9). The 
following table contains the general Pell's equations (5.6.23) corresponding to the 
above triples (a, b, c), their Pell’s resolvent, both equations with their fundamental 
solutions. 


(a, b, c) |General Pell’s equation (5.6.23) Pell's resolvent 
and its fundamental solution jand its fundamental solution 

(5,2,3) u? — 3v? = 37, (7,2) r? — 3s? = 1, (2,1) 
(7,1,6) u? — 3v? = 73, (10,3) r? — 3s? = 1, (2,1) 
(12,1,5)| u? — 5v? = 179, (28,11) r? — 5s? = 1, (9,4) 
(1,10,3)| 13u? — 15v? = 97, (7,6) r? — 195s? = 1, (14,1) 
(3,14,1)| 5u? — Tv? = 157, (10,7) r? — 35s? = 1, (6,1) 
(4,1,9) ^ 5u? — 9v? = 179, (50,37) r? — 45s? — 1, (161,24) 


In view of the formula (4.4.2), the following sequences are six families of positive 
integer solutions to the corresponding general Pell's equations (5.6.22): 


uh) = 77) 4 os(D9, VD = 2/0 4 75), 


where io Fai. sP V3 = (2+ v3)", m>0 
u(2) = 10r) + gs), y) = 3,00 + 1052), 


m ? 


where re ) a. S = (2+ v3)", m > 0. 
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u(9 = 28r(9 + 558), v) = 1140) + 28503), 


where rf? + sẹ? V5 = (9 + 4/5)", m > 0. 


uL = 77) + 905 (9, v4) = ori) + 915), 


where r) + s(P /195 = (14 + V195)”, m > 0. 


u) = 10r(9 + 495), y) = 7) + 5950) 


Um m ? 


where 7) + s) V35 = = (6 + 35)", m > 0. 


use) = Or) + 333), of) = 37r + 250s 


m ? 


where r9) + 35(9) /5 = (161 + 72/5)", m > 0. 
Formulas (5.6.22) yield the following six families of positive integers solutions 
to the equation (5.6.21): 
x(D = or) + 13s(D 4.5, (D = 5r(D — 545, 2) 22, (D 23 
x = 13r) SE 195(2 t, y®) = 7r» = sQ Fh z2 = 1, 12) = =6 
x) = 3973) + 835(9 +12, (9 = 1779) 4 2753) +12, 23) = 1, 18) =5 
x) = 1374 + 18184 +1, (B =r — s +1, £00 = 10, 1 23 


^"m 


x = 17r(5) + 995 +3, y® = 3)(0 — 5) +3, z2® = 14, 1) =1 


m 


x9) = 87r(®) + 5835) + 4, y® = 137) + 835( +4, 26) = 1, 1) = 9, 


5.6.6 The Equation x? + y? +z? + t? =n 


We will prove that if the equation 
x Ly x2.Ü)-—n (5.6.24) 


has an integral solution (a, b, c, d) such that a Z b orc z d and —(a+b)(c+d) > 0 
is not a perfect square, then it has infinitely many integral solutions. 
For this, let us perform the transformations: 


x=X+a, y=-X+b), z=Y+c, t—-—Y-cd. 


Then (a + b)X? + (a? — b?)X + (c+ d)Y? + (c? — d?)Y = 0. The last equation 
is equivalent to 
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(a+b) (x+) Hera 5A 


_ : n , (5.6.25) 


AU? — BV? = C (5.6.26) 


where A = a + b, B = —(c + d), C = —[(a + b) (a — b)? + (c + d)(c — d)?] and 


c—d 


a—b 
—b c—d 
We note that (Uo, Vo) — (z^. z 5 
consider the Pell’s resolvent r? — Ds? = 1, where D = —(a + b)(c + d), with 
the general solution (Fn, Sm)m>0- From the formula (4.5.2), we obtain the solutions 
(Um, Vin)m>0 where 


) satisfies the equation (5.6.26) and 


It follows that 


y | c-d É” c—d 
mr 2 Fm 2 Sm 2 s 


From these formulas we generate an infinite family of solutions (xj, Ym, 
Zmstm)m>o to the equation (5.6.24): 


a—b e-e a+b 
Xm = Fm Sm + 


2 2 


a—b c? — d? a+b 
A 
2 2 2 


(5.6.27) 


E gS peta 
Zm — 2 Fm 2 Sm 2 


c—d a? — b? yeta 
Sm . 
2 2 
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Remarks. 1) 'The main idea of the approach described above comes from [150] and 
all computations are given in [10]. 

2) A special case of equation (5.6.24) appears in the book [24]: Prove that the 
equation 


xX y) +z + = 1999 


has infinitely many integral solutions (1999 Bulgarian Mathematical Olym- 
piad). In this case, one simple solution to the given equation is (a,b,c,d) = 
(10,10, —1,0). By using formulas (5.6.27), we obtain the following infinite 
family of solutions: 


1 1 1 1 
(Xm, Ym, Zm, tm) — (-5» + 10, gsm + 10, 73m + 1), 3 Un m D) , 


where Fm + s, 20 = (9 + 2/20)", m > 0. It is not difficult to see that the 
integers rm are all odd and that sm are all even. 


Chapter 6 
Diophantine Representations of Some Sequences 


In 1900, David Hilbert asked for an algorithm to decide whether a given Diophantine 
equation is solvable or not and put this problem tenth in his famous list of 23. 

In 1970, it was proved that such an algorithm cannot exist, i.e., the problem is 
recursively undecidable. Proof was supplied by Yu. V. Matiyasevich [133], heavily 
leaning on results arrived at by M. Davis, J. Robinson, and H. Putnam [60]. This 
was accomplished by proving that any enumerable set A C N = {0,1,2,...} can 
be represented in the following form: There exists a polynomial p(x, x1, .. ., Xn) with 
n > 0 such that a € A if and only if p(a,x1,...,x,) = 0 is solvable for particular 
nonnegative integers x1,..., Xn, 1.e., 


acA € 3xy...,x. 2 0: p(ajxi,..., x4) = 0. 


Therefore, the set A equals the set of parameters for which the equation p = 0 is 
solvable. Employing an idea of H. Putnam [178] this can be reformulated as follows. 
If q(x, 31, ...,x4) = x(1— p(x, x1, ...,x4)?), then A equals the set of positive values 
of q, where its variables range over the nonnegative integers. Among the recursively 
enumerable sets there are many for which such representation is surprising. We will 
name some examples which are of importance in number theory. 


(1) The primes and their recursively enumerable subsets, most outstanding Fermat-, 
Mersenne-, and Twin-primes. 

(2) The set of partial denominators of the continued fraction expansion of numbers 
as e, v and V2. (Whereas for e this is known to equal {1} U (2, 4,6,... }, there 
is only computer-based research regarding the other numbers. 


In this chapter we will introduce a Diophantine representation concept for 
sequences of integers that refines the idea of Diophantine set. This concept proves 
helpful in solving several types of Diophantine equations. 
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6.1 Diophantine r-Representable Sequences 


The sequence (Xm)m>1 is Diophantine r-representable if there exists a sequence 
(Pn)n>1 of polynomials of degree r, P, € Z[Xi,...,X,], such that for any positive 
integer n the following equality holds: 


PalXn—r41y+++>%n) = 0. (6.1.1) 


This means that the sequence (Xm)m>ı has the above property if and only if 
among the solutions to the Diophantine equation 


Pi(y1,¥2,--+;¥r) 50 
there are some for which y? = apei Du = Knapp dy sa cy y = Xn, for all 
positive integers n. 

The main result of this section is that any sequence defined by a linear recurrence 
of order r is Diophantine r-representable. Our approach follows the method given 
in [27] and [47] (see also [28] in the case r — 2). 

Consider the sequence (x,),»1 defined recursively by 


xj;—0ji-—1,2,...,r 
r 


Xn = a -— n>rt+l 
k=1 


(6.1.2) 


where a1, Q2,...,@, and aj, a2,...,d, are integers with a, Æ 0. 
For n > r, let 


D, — det Xn—r--2 Xn—r3 +--+ Xn Xn4-1 (6.1.3) 


Xn Xn+ D Xntr—2 Xn+r—1 
Lemma 6.1.1. For all integers n > r, the following equality holds: 
D, = (—1)°-DO— at" D,. (6.1.4) 


Proof. Following the method of [104, 135] and [202] we introduce the matrix 


Xn—r--1 Xn—r4+2 +++ Xn—1 Xn 
Xn—r+2 Xn—-r4+3--- Xn Xn+1 
An = 
Xn— Xn +++ Xntr—3 XAn+r—2 
Xn Xn+ <+- Xntr—2 Xn+r—1 
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It is easy to see that 


0100. 0 0 0 
0 1 0 0 0 0 
"WP UA e E. A, 
m Ux 0S2. 0 1 0 
0.000. 0 0 1 
a, 02 03 04 ... Ar—2 Ar—ı Oy 
and so that 
0 1 0 Ü 0o 5] 
0 1 0 0 0 0 
dc ee E A,. 6.15 
0 00 0... 0 1 0 ( ) 
0.00 0... 0 0 1 
a, A2 a3 a4... dr—2 Ar—1 Ar 


Passing to determinants in (6.1.5), we obtain ((—1)"~!a,)"""D, = D, forn > r, 
that is the relation (6.1.4). 


Theorem 6.1.2. Any sequence defined by a linear recurrence of order r is Diophan- 
tine r-representable. 


Proof. Consider the sequence (x;,),>1 defined by (6.1.2) and let P, € Z(Xi,.... X,] 
be the polynomial given by 


Pp Oi, Pa de) = Fy, de gu E (-1)€- VO at" F,(o, yes Qr) (6.1.6) 
where F, € Z[X1,...,X;] is obtained from the determinant (6.1.3) and the recursive 


relation (6.1.2). 
From the relation (6.1.4) it follows that for all n 7 r the following equalities hold 


Ps (Xs r4; tee ya) mE ists mE a) E (-1)€70070qt7"F, (an, E , a) 


= D, — (-1) 9 79»qr7Dp, = 0, 


i.e., the sequence (x,),»1 is Diophantine r-representable. 


Remarks. 1) When r = 2, the polynomial F, in (6.1.6) is given by 
F5(x,y) = x? — asxy — ayy? (6.1.7) 
and it follows that, for the sequence (x,),>1 defined by 


uc (6.1.8) 


Xn = A1Xn—2 + d2Xg—1, N 2 3 
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the relation Fo(xn—1, Xn) = (—1)"a1 ? Fa(o., a2) holds, i.e., 
n n—2 


2 2 2 2 
X, — A2Xn—1Xn — d1X, 4 = (—1)'aq ^(o5 — a20103 — a101). (6.1.9) 


The relation (6.1.9) is the first relation of [35] and [36]. 
2) In the particular case r — 3, after elementary calculation, we obtain 


F3(x,y,Z) = —x3dai + a2a3)y? — a22 + 2agx?y + aax?z 


-(a$ + a1a3)y?z — (a$ — azy? 


-a1aaxz? — 2a1azyz? + (3a, — aza3)xyz, 


hence we get that, for the linear recurrence 


Xx, ZQ X2 = Q X3 — Q 
{ 1 1 ? 2 2 3 3 3 (6. 1 . 10) 
Xn = A1Xn—2 + A2Xn—2  d3Xg—1, n 2 4 
the relation 
F3(Xn—2, Xn—1, Xn) = ai °F3(a1, a2, a3) (6.1.11) 
is true. 

3) If in the proof of Theorem 6.1.2, the equation P,(*,_;41,---,Xn) = 0 can be 
solved with respect to x,, then x, can be written as a function in r — 1 variables 
Xn—rt1y+++>%n—-1- 

4) Note that the polynomial F, € Z[X,,...,X,] can be viewed as an “invariant” to 


the sequence (x,,)n>1 defined by (6.1.2). 
5) For additional informations about the special case r — 2 we refer to [92]. 


6.2 A Property of Some Special Sequences 


Ifa) = ag = 1 and a, = o» = 1, then (6.1.8) defines the Fibonacci sequence 
(Fn)n>1 (see [105, 114, 187]) and [217] for many interesting properties). From 
(6.1.9) we obtain 

F? — FF,_1 — F?_, = (-1)""". (6.2.1) 


Ifa; = a2 = Landa, = 1, o» = 3, then (6.1.8) defines the Lucas sequence 
(Ln)n>1 (see [105]) and from (6.1.9) it follows that 


I? — LyLy—1 — L = 5(-1)". (6.2.2) 
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Ifa, = 1, ag = 2 and a, = 1, ag = 3, then (6.1.8) gives the Pell sequence 
(Pn)n>1 (see [106]) and the relation (6.1.9) becomes 


P? — 2P,P,-1 — P2 , =(-1)""1. (6.2.3) 


From the relations (6.2.1), (6.2.2), (6.2.3) we deduce 


m= 5 (Fr TENE 1T 4(-— 1y- i (6.2.4) 


1 2 n 
In=5 (i. + /5L2_, + 20(-1) ) (6.2.5) 


P, =P, 1+ V 2P? | 4 (-1)n31. (6.2.6) 


These identities give the possibility for writing computer programs that facilitate 
the computation of the terms of each of the three sequences (Fa)n>1, (Ln)n>1, 
(P n)n21 : 

In [183] it is given a method for obtaining the relation (6.2.4) by using hyperbolic 
functions. Similar results are also presented in [90]. 


Proposition 6.2.1. If the sequence (Xn)n>1 is given by (6.1.8), then for all integers 
n > 3, the integer 


(a3 + 4a1)x2. , + (71) lat ? (aya? + agaya2 — 02) 


is a perfect square. 


Proof. From (6.1.9) we obtain 


(a2 + 4a1)x2. ., + 4(—1)" lat? (aia? + ag0102 — 02) = (2x, — aox, 1)? 


which finishes the proof. 


Proposition 6.2.2. Let a1,a2 and k be nonzero integers. The general Pell's 
equations 


x? — (K -- 4)y? = 4a? + kaia — o2) 
and 
(k? + 4n? — v? = 4(a? + kara — o2) 


are solvable. 


Proof. In (6.1.8) consider a, = 1 and a2 = k. From Proposition 6.2.1 it follows that 
(x, y) = (2x, — Kx, 1, Xn—1) is a solution to the first equation whenever n is odd. If 
nis even, then (u, v) = (x, 1, 2x, — kx, 1) is a solution to the second equation. 
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Remark. Note that the first equation in Proposition 6.2.2 has solution (2a, + 
ko2,03). From Theorem 4.5.1 it follows that it has infinitely many integral 
solutions. 

Similarly, the second equation in Proposition 6.2.2 has solution (kay + (k? + 
2)a2,a1 + kaz), and by applying Theorem 4.5.1 we deduce that it has infinitely 
many integral solutions. 


6.3 The Equations x? + axy + y? = +1 


The result in Theorem 5.6.1 shows that if |a| > 2 the pairs (—v,, Un+1), (Un, —Un4+1)> 
(—Un+1, Un)» (Un+1, —Un) of consecutive terms in the sequence given by 


[6 


can be characterized as solutions to the equation x? + ax + y? = 1. 
On the other hand, the sequence (Un)n>0 satisfies the linear recurrence of order 2 


Un+1 = aUn — Un—1, N > 1, where vp = 0 and v, = 1. 
Therefore the solutions to the discussed equation consists of all pairs of 
consecutive terms in a sequence defined by a second order recursive linear relation. 
In what follows, we will study the equation 


x? -- axy 4- y? = —1, (6.3.1) 


which is also a special case of (4.8.1). 


T 
w 


Theorem 6.3.1. The equation (6.3.1) is solvable in integers if and only ifa = + 
If a = —3, then the solutions are 


(Fog, Foi) (—Fon+1;, Fo a), 
(Fon—1, Fon41), (Fon41, F25 1), n> 1. 


If a = 3, then the solutions are 


(—Fon—1, F2n41); (—Fon+1; F2n—1), 


(Fon—1, —F2n41), (Fanti, —Fen-1), n> 1, 


where (Fm)m>1 is the Fibonacci sequence. 
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Proof. First consider a < 0. If there is a solution (x, y), then xy > 0. Therefore, we 
may assume that x > 0, y > 0 and we may consider that x is minimal. 

If a # —3, then x Æ y, for otherwise (a + 2)? = —1, which is impossible, 
because a + 2 Æ —1. We have 


0 =x? +ayt+y+1=6+4+a) -—ay-ay +y? +1 
= (—x — ay)? +a(—x — ay)y +y? +1, 


hence (—x — ay, y) is also a solution. It follows that —x — ay > 0. 

If we prove that —x — ay < x, then we contradict the minimality of x. Indeed, 
from the symmetry of the equation, we may assume that x > y. Then x? > y? +1 = 
x(—x — ay), so x > —x — ay. It follows that in this case the equation (6.3.1) is not 
solvable. 

Consider now a > 0 and let (x, y) be a solution. Then xy < 0 and we may assume 
for example that x > 0 and y < 0. Setting z = —y, we obtain the equivalent equation 
x? + (—a)xz +z? = —1, with x > 0, z > 0, which we examined above. It follows 
that the equation (6.3.1) is not solvable if —a 4 —3, i.e., a £ 3. 

It remains to solve the equation when a = +3. First, consider the case a = 
—3 and write the equation x? — 3xy + y? = —1 in the following equivalent form 
(2x — 3y)? — 5y? = —4. This is a special Pell's equation: 


u? — 5v? = —4. (6.3.2) 


Its minimal solution is (1, 1). By the results in Section 4.3.2, it follows that the 
general solution (um, Um) to (6.3.2) is given by 


1 m 
wien 4) , m=1,3,5,... 


Since 


we obtain 


and 


Um = 


where m = 1,3,5,... 
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It follows that 2x — 3F,, = um, hence 


Sf Taye 8. Giese) 
= (s5+3)( 2 e ;( 2 
| QQxV9rfíieyeV a-v (1- v5\" 
AVS 2 2/5 2 


m+2 m4-2 
01 [f14v5 1— V5 B 
— J5 2 2 — Fm-4-2- 


We obtain the solutions (F,41, F2, 1), n > 1, and by the symmetries (x, y) > 
(y, x) and (x, y) — (—x, —y) we find the others. 
If a — 3, the substitution y — —z transforms the equation into 


x?— 3xz +z = 1. 
From the above considerations we obtain the solutions 
(x, z) = (Fon+1,F2n—1) 


and by using the same symmetries we get the four families of solutions given in the 
Theorem. 


Remarks. 1) The conclusion in Theorem 6.3.1 can be also obtained by considering 
the more general equation (see [200] or [25]): 


x y? +1 = xyz. 
The integral solutions (x, y, z) to this equation are given by 


(—Fon-1, —Fon+1; 3), (—Fon+1, —F2n—1, 3), (Pani Poe 9), 
(Fon+1, F2n—-11, 3), (—Fon—1, Fon+1, —3), (—Fon41, Fon—1, —3), 
(Fog 1, —Fon41;, —3), Ponta, —Fon-1, —3) n > 1. 


2) In [150] it is considered the more general equation 


fay) = zfa(x,y) 


where fi (x,y) = ax? + bxy + cy? + dx + ey + f, fo(x,y) = pxy + qx + ry + 
s are quadratic forms with integer coefficients and ac # 0, a| gcd(b, d, p,q), 
c| gcd(b, e, p, r). 
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3) In the paper [188] is considered the equation 
x* — 6x?y? + 5y* = 16F,-1F p41, (6.3.3) 


when one of the Fibonacci numbers F 1, Fa+1 is prime and another is prime 
or it is a product of two different prime numbers. There are such Fibonacci 
numbers, for example F5 = 5 and F7 = 13; Fi, = 89 and Fig = 233; Fi; = 
1597 and Fig = 165580141 = Fog = 514229 and F3, = 1346269 = 557-2147; 
F4ı = 165580141 = 2789 - 59369 and F43 = 433494437. 

Using the equivalent form (x? —5y?) (x? —y?) = 16F,—1F 41 to the equation, 
and the result in Theorem 4.1.1, in the paper [188] is shown that all integral 
solutions (x, y, n) to (6.3.3) are (x, y, n) = (-Lai, Fai, 6D), 1 > 1, when 6/ — 1 
are prime numbers, F6;,1 is a product of two different primes, and La; is the 
Lucas number. 


6.4 Diophantine Representations of the Sequences 
Fibonacci, Lucas, and Pell 


In this section we will consider some special cases of the Diophantine equation 
x +axy— y =b (6.4.1) 


where a and b are integers and we will show that all nontrivial positive solutions to 
(6.4.1) are representable by pairs of consecutive terms in the sequences (Fa)n>1; 
(Ln)n>1, (Pn)n>1- These results are given in [47] but the method used there is 
different and more complicated. Note that this equation is a special case of (4.8.1). 


Theorem 6.4.1. (i) The nontrivial positive integer solutions to the equation 
x!«xy-y? 2-1 (6.4.2) 


are given by (Fon, Fan41), n 2 1. 
(ii) The nontrivial positive integer solutions to the equation 


xX +y- y =l (6.4.3) 


are given by (Fo, 1, Fan), n > 1. 


Proof. (i) The equation is equivalent to 


(2x + y)? — 5y? = —4. 
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This is a special Pell's equation of the form u? — 5v? — —4 and has solution 
1 TAAN 
5 (Um + vm V5) = | n ) , m=3,5,... 


(see Theorem 4.4.1). It follows that 


(18V, (1- v5)" 
Aem 2 | 2 


and 


Hence ym = Um and 


«dec [e- 2025) 62025] 


m—1 —N m—i 
_ 1 [f(1*v5 1— V5 -— 
EV: 2 9 , T , atomes 


Thus (Xn, Yn) = (Fon, Fonti)s n = 1. 
(ii) Similarly, we obtain the equivalent equation 


(2x +y)* -5y =4 


which is a special Pell’s equation of the form u? — 5v? = 4 and has solution 
(44) (54) 
WUP ax Tia rs 


where n > 1 (see (4.3.2)). 
It follows that 
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and 
= Lig get ( +.) eo | (1 3 (sey 


7 1 14 5 2n—1 1- /8 2n—1 E 
CB 2 2 = £2n—1: 


Theorem 6.4.2. (i) The nontrivial positive integer solutions to the equation 


x +ay—y=-5 (6.4.4) 


are given by (Lo, 1, Lan), n > 1. 
(ü) The nontrivial positive integer solutions to the equation 


x*-xy-y-285 (6.4.5) 


are given by (Lan, Lo,41), n > 1. 


Proof. Recall that the general term of the Lucas sequence is given by 


Lm = ( 4) + ( 35 eumd (6.4.6) 


(i) Write the equation in the equivalent form 


(2x + y? — 5y? = —20 


and let 2x + y = 5u, y = v. We obtain the special Pell’s equation v? — 5u? = 4, 
whose solutions are 


3-4 5Y C E 
urbc 
T 

2 2 pv vs 


Un = 


V5 


It follows that 
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and 


Xn = 5 (Bla — w) = (v5 (5) vsa (454) 


—\ 2n—1 2n—1 
14 5 1—4/5 
= 2 + 2 = Los. 


(ii) Similarly, the equivalent equation (2x + y)? — 5y? = 20 reduces to v? — 5u? = 
—4, where 2x + y = 5u and y = v. We have 


1 Leas \ 
Ses + Hav) = ( 4) s m= 1,3,5, 


(see Theorem 4.4.1), hence 


1+5) . fis) 
Ta 4) | "d = Ln, m=1,3,5,... 


and 


<= (us, Um) = : LZ 1) (=) (V5 + 1) (54) | 


m—1 m—1 
1 5 1— V5 
= | S + | 4) = Ln-1, m —1,3,5,... 


2 2 


Theorem 6.4.3. (i) The nontrivial positive integer solutions to the equation 
x? + Ixy —y? = -1 (6.4.7) 


are given by (Pon, Pan41), n = 0. 
(ii) The nontrivial positive integer solutions to the equation 


x? 4 Ixy—y? =1 
are given by (Po, 1, Pan), n > 1. 


Proof. The general term of the Pell’s sequence is given by 


1 m m 
Pn = allt E/ay* — (1 — v2)"]), acd (6.4.8) 
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(i) Write the equation in the equivalent form (x4-y)? —2y? = — 1. This is a negative 
Pell’s equation of the form u? — 2v? = —1, whose solutions are given by 


m= SI Vy" + (1 vam] 
and 


I 2n+1 2n+1 
t= z+ V3) Tcu = ert. n>0. 


It follows that 
Yn = Un = Poni 


and 


Xn — Un — Un = ; [t =) (1+ V2)? 4 (: =) (1 vay] 
= agli + V2 - (1- V3] = Pa 


(ii) We obtain the Pell’s equation (x + y)? — 2y? = 1, whose solutions are 


sat yn = sl + V3)" 0 - VI", 
EN 
T aua 


It follows that y, — P», and 


(1-3) (1+ V2)" 4 (1 =) (1 va] 


1 2n—1 2n—1] . 
gal * v2) — (1 = v2)*1] = Pont. 


(a4 V2)" —(1— v3), nz 


N| = 


Xn = 


The results in Theorems 6.4.1—6.4.3 can be summarized in the following 
Theorem proven by the infinite descent method in [47]. 


Theorem 6.4.4. Let a be a positive integer and let (Qn)n>1 be the sequence defined 
recursively by 


Bite = (6.4.9) 
Qn+1 = dO + O1, N= 2. 
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Then all positive integer solutions to the equation 
lx? --axy — ?| 21 (6.4.10) 


are given by (o, 0443), n > 1. 


Proof. The general term of the sequence (0o;,),» in (6.4.9) is given by 
(==) (= za) 
2 2 


The equation x?+axy—y? = —1 is equivalent to (2x4-ay)? — (a? +4)y? = —4, which 
is a special Pell’s equation of the form u? — (a? + 4)v? = —4. From Theorem 4.4.1 
it follows that 


1 PONE: m 
5 Um + Um aro- (EE) , m=1,3,5,... 


1 


, n>1. (64.11) 
a? +4 


Og = 


2 
Hence 
a ya? 4 i a — Va? -- 4 m 
Un = H 
2 2 
and 
1 a+va +4 a— va? +4 
Um = 
a? +4 2 2 
Therefore Ym = Um = Am m — 1, 3, 5, ...,and 
1 
Xm 3 Un Wm) 


-s[ woes 7) 


m-—1 
u 1 zr (= a? --4 


a? +4 2 


The equation x? +axy— y? = 1 is equivalent to (2x--ay)? — (a? 4-4)y? = 4. From 
Theorem 4.4.1 it follows that the general solution to the equation i? — (a? --4)v? = 4 
is given by 
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n 2n 
1 $ a? +2+ava? +4 at va? +4 
5 (un + vv a? + 4) = = |—.—_ ] . 


2 2 
We obtain 
2n 2n 
a4 va? +4 a— Va? 4-4 
Un = mnm + z , 
2 2 
2n 2n 
1 a4 Va? +4 a — Va? +4 
Un = 
a? 4-4 2 2 


Hence y, = v, = Q2 and 


(Un — avn) 


1 
2 
ZEE Z yes) «(e = (oe) 


Xn = 


2n—1 2n—1 
1 (sor (==) 
= Q2g—1- 
2 


Remarks. 1) Theorem 6.4.4 characterizes the pairs of consecutive terms of the 
sequence (@n)n>1 defined by the linear recurrence (6.4.9). 

2) The set consisting of a,, k > 1, is included in the set of positive values of the 
polynomial 


Pi(,y) = x[1 — (x? + aw- y* — 17] 


and the set consisting of 2,41, k > 0, is included in the set of positive values of 
the polynomial 


Po(x,y) = x[1 — (x? + awy - Y? + 1)]. 


3) The result in Theorem 6.4.4 also appears in the paper [134]. 
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6.5 Diophantine Representations of Generalized 
Lucas Sequences 


We define the generalized Lucas sequence (^,)n»0. Yn = ^i. (a, b), with parameters 
a,b € Z* by 


Yn+1 = f(a, b)? — Yn-1; n = 1 (6.5.1) 
where f : Z* x Z* — Z is a given function and yo = yo(a,b), yı = y1(a,b) are 


given integers. 
The following theorems generalize all results in Section 6.4. 


Theorem 6.5.1. Let a, b be nonzero integers such that b # 1 and a? — Ab > O isa 
nonsquare. All integral solutions to the equation 


x? + axyt+ by? 21 (6.5.2) 


are given by (Qn, Bn)n>11 (—Qn; —Bn)n>1, Where (An)n>1 (Bn)n>1 are the general- 
ized Lucas sequences defined by 


An+1 = UQAn — An—-1, Q0 = 2, 01 = uo and 
1 (6.5.3) 
Bn+1 = uos — Bn—1, Bo = 1, 81 = 3 (uo — avo). 


Here up = ug(a, b), vo = vo(a, b) are the minimal solutions to the special Pell's 
equation 


u? — (a? — 4b)? = 4. (6.5.4) 


Proof. The general terms of the sequences (05),5»0 and (Bn)n>0 are given by 


"m c (scm) 


2 2 
and 
B il 1 a uo + vov a? — 4b í 
To a? — 4b 2 


a ) (s y | 
2 
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The equation (6.5.2) is equivalent to (2x + ay)? — (a? — 4b)y? = 4, i.e., to the 
general Pell’s equation (6.5.3). From Theorem 4.4.1 its general solution is given by 


1 d —4bY 
g tn + Un a? — 4b) — (ste J , ni. 


2 


It follows that 


(* + vov a? — By " (* — vov a? — 2! 
us, = | ————_ Se ER 


2 2 
and 
1 uo + vov a? — 4b " ug — vov a? — Ab i Een 
Un = E n- 
a? — 4b 2 2 


1 
Thus y, = v, = o, and x, = g (un — avn) = Bn. 


Remark. Theorems 6.5.1 and 6.5.2 give an useful method for solving the Diophan- 
tine equations of degree three in four variables 


x? + uxy + vy? = 41. 
Indeed, setting u = a, v = b, with a, b € Z, the above equations are equivalent to 


(2x + ay)? — (a? — 4b)y? = +4. 


If a? — 4b < 0, there are at most finitely many solutions. 
If a? — 4b = 0, the equations reduce to (2x + ay)? = +4, and for a even we 


k 
obtain solutions (-5 +1, J „keZ. 


If a? — 4b > 0 is a perfect square, there are at most finitely many solutions. 

If a?—4b > 0 is not a square, then all solutions to the equation x? +uxy+vy? = 1 
are given by (x,y,u,v) = (4Qm,+8mn,a,b),m > 1, where (o), (Bm) are the 
generalized Lucas sequences defined in Theorem 6.5.1. 

All solutions to the equation x? + uxy + vy? = —1 are given by 


(x,y, uv) = ( O2n--1; B2n41, à, b), n= 0, 


where (o), (Bm) are defined in Theorem 6.5.2. 
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For some particular values of a and b the generalized Lucas sequences (@n)n>0 
and (8,),»o defined by (6.5.3) coincide with some classical sequences. In the 
following table we will give a few such situations (see also Section 6.4). 


a | b | Equation (6.5.2) Solutions 
—1 x? + xy — y? =1 (Foy 1, Fon), (—Fon—1, —Fon) 
(Fontits Fon), (— Fontis Fon) 
2 |-1 x? + 2xy = y? =1 (Pon—1, Pon), ( —Pos i, —Pon) 
2|—1 x? 2xy y? =1 (Pon+1, Pon), (—Pon+i; —P») 


1-1 x?—-xy—-y?-21 


Theorem 6.5.2. Let a, b be nonzero integers such that b # 1 and à? — 4b > 0 isa 
nonsquare. Assume that the special Pell's equation 


s? — (a? — 4b)? = —4 (6.5.5) 


is solvable and its minimal solution is (so, to), so = so(a, b), to = to(a, b). Then all 
integral solutions to the equation 


x? -- axy + by? = —1 (6.5.6) 


are given (Q2n+41; Bont), (—Qon41; —Bon41), n>1, where (Qm)m>05 (Bm)m>0 are 
the generalized Lucas sequences defined by 


Am+1 = $90 — An—1, A = 2, Q1 = 80 and 


(6.5.7) 


1 
Bm+1 = S08m — Bm—-1, Bo = 1, Br = 3 (50 — ato). 


Proof. We proceed like in the previous theorem and take into account the results in 
Theorem 4.4.1 concerning the general solution to the equation (6.5.5). 


In some special cases, the generalized Lucas sequences defined by (6.5.7) yield 


to solutions involving well-known sequences. We will illustrate this by presenting 
the following table (see also Section 6.5). 


= —1| (Lon, —Fon+1 ), (—Lon, Fonts 


ajb Equation (6.5.6) Solutions 
—1| x? +y — y? = —1 (Fons Fon+1), (—Fon, —Fon41) 
1|-1| x2 -w-y = (Fon, Fon—1), (— Fan, —F2n—1) 
2 |-1 x +2xy -y = (Pon, Pon+1), (—P2n; —Pon+1) 
2|—1) x? — 2xy — y? = —1 |(Pos, Pon—1), (—P2n, —Pon—1) 
) ) 
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Remarks. 1) The solvability condition for the general Pell's equation (6.5.5) in 
Theorem 6.5.2 is necessary. Indeed, for example, for a — 5, b — 1 the equation 


s? — 21 = —4 


is not solvable (the left-hand side is congruent to O or 1 (mod 3)). The 
corresponding equation (6.5.6): 


x + Say -y = —1 


is also not solvable. 

2) The special case b = —1 is studied in [134]. Particular Diophantine repre- 
sentations for the Fibonacci and Lucas sequences are given in [96] and [97]. 
We also mention the connection with the general Pell's equation given in [61]. 
A particular definition for generalized Lucas sequences appears in [91]. 

An interesting special case for the equation (6.5.2) is a — b. We obtain the 
Diophantine equation 


x? + axy tay? — 1. (6.5.8) 


The general Pell's equation (6.5.4) becomes u? — (a? — 4a)v? = 4, whose 
minimal solution is (uo, vo) — (a — 2, 1). 

With the notations in Theorem 6.5.1 the generalized Lucas sequences 
(@n)n>0; (Bn)n>0 are given by 


Q&417— (a—2)a, — 041, 090-2, 01-a-—2 
Bui = (a E 2) bn = E Bo = L By =-1. 


From Theorem 6.5.1 we obtain the following Corollary: 


Corollary 6.5.3. The equation (6.5.8) is always solvable and all of its solutions are 
given by (an, Bn)n>0- 


Next we study when the solutions to the equation (6.5.8) are linear combinations 
over Q of the classical Fibonacci and Lucas sequences. The results are obtained in 
the paper [20]. 

For other results we refer to the papers [61, 91, 96—98] and [134]. Also, the 
problem is connected to the Y.V. Matiasevich and J. Robertson way to solve 
the Hilbert's Tenth Problem, and it has applications to the problem of singlefold 
Diophantine representation of recursively enumerable sets. In the recent paper [102] 
the equations x? — kxy +y? = 1, x? — kxy — y? = 1 are solved in terms of generalized 
Fibonacci and Lucas numbers. Let us mention that in the paper [83] is defined 
the Hankel matrices involving the Pell, Pell-Lucas and modified Pell sequences, 
is computed their Frobenius norm, and it is investigated some spectral properties of 
them. 
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Recall the Binet’s formulas for F, and Ln: 


These formulas can be extended to negative integers n in a natural way. We have 
F-n = CI SE, and Ln = (—1)"Ln, for all n. 


Theorem 6.5.4. The solutions to the positive equation (6.5.8) are linear combina- 
tions with rational coefficients of at most two Fibonacci and Lucas numbers if and 
only ifa = an = tL, + 2, n > 1. 

For each n, all of its integer solutions (xy, yy) are given by 


Xk = a Lois F a 2kn 
QUE (6.5.9) 
Yk = Tg Ne 
where k > 1, signs + and — depend on k and correspond, while ex = +1. 


Proof. The equation x? + axy + ay? = 1 is equivalent to the positive special Pell’s 
equation 


(2x + ay)? — (a? — 4a)y? = 4. (6.5.10) 


From formula (4.4.6) it follows that 


uy T v VD " uy — v VD i 
aula.) 


uy +v vD li u — vı VD ^ 
2 2 


where m € Z, €m = +1, D = à? — 4a, and (ui , v1) is the minimal positive solution 
to u? — Dv? = 4. we have (u1, v1) = (a — 2,1), and combining the above relations 
it follows 


2x, + Gym = Em 


and 


Em 


Yn = JD 


T 
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(: a ) a— 2 + Va? — 4a m 
a — 4a 


(6.5.11) 


and 


7 Em a— 2 + Va? — 4a a —2 — a? — 4a T 
we urea 2 2 
(6.5.12) 
Taking into account Binet's formulas, solution (Xm, Ym) is representable in terms 
of Fm and Lm only if a? — 4a = 5s?, for some positive integer s. This is equivalent 
to the special Pell's equation 


(a — 2)? — 5s? = 4, (6.5.13) 
whose minimal solution is (a, — 2,51) = (3,1). The general integer solution to 
(6.5.13) is 

3 5 n 3 u 5 n 
dy — 2 — £s E ue RS va = EnLon, 
2 2 
and 


2e [(3+v5\"_ (3-v5\") or 
o/s 2 9 = Enb 2n, 


where n is an integer and £, = +1. 
From (2x + ay)? — (a? — 4a)y? = 4 we find (2x + any)? — 5(s,y)? = 4, with 
integer solution (Xm, Ym) given by 


2Xm + anYm = E2mL2m and SnYm = Fo. 


Hence 
1 F 2m F. 2m 
=_—le L ae = 6.5.14 
Xm 2 | 2m2m an Fon , m Fon , ( ) 
where signs + and — correspond, and £2m = +1. 


Taking into account that F5, divides F5, if and only if n divides m (see [21, 
p. 180] and [90, p. 39]), it is necessary that m = kn, for some positive integer k. 
Formula (6.5.14) becomes (6.5.9). 
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A parity argument shows that in the equation 


(x + ay? — (a? — 4a)? = 4, 


X is even, so x; in (6.5.9) is always an integer. 


The following two tables give the integer solutions to equation (6.5.8) at level k, 
including the trivial solution obtained for k — 0. 


nid, = Lon + 2 Equation (6.5.8) Solutions 
1 5 x? + Bry + By? = 1 X= Elon F BF x, y = LF 
2 9 x? + Oxy + 9y? = 1 x= Bhp F BF ax, y = iFa 
3 20 x? + 20xy + 20y? =1 | x= Ble F ŠFer, y = +3Fex 
4 49 x? + 49xy + 49y? 21 | x= S Lg F CF ex, y= +57 Fsk 
5 125 x? + 125xy + 125? = 1|x = ¥Lior 25 Fior, y = E gs Fior 
6 324 |x? +324xy + 324y? = 1|x = S Lag F S Fio, y = +g Fix 
n|an = —Lan + 2 Equation (6.5.8) Solutions 
1 =i x?—xy-y?21 x S Loy + SF ox, y = Fa 
2 —5 x!—5xy—5y? —1 x= Lak X Fa, y = th Fax 
3 —16 x? — 16xy — 16y? — x= X Loy + Fox, y= +5 Fee 
4 —45 x? — 45xy — 45y? 21 | x 2 S Lag, + dS Fg, y 2 +A Fg 
5 —121 x? — 121xy — 121? = 1| x = Z Lioc F i Fior, y = +g Five 
6 —320 |x? — 320xy — 320? = 11x = Blin F Fin, y= El Fin 


Next we will consider the “negative” equation of the type (6.5.8): 
xX? + axy + ay? = —1. (6.5.15) 


Unlike the result in Theorem 6.5.4, there are only two values of a for which the 
corresponding property holds. 


Theorem 6.5.5. The solutions to the negative equation (6.5.15) are linear combi- 
nations with rational coefficients of at most two Fibonacci and Lucas numbers if 
and only ifa = —1 ora = 5. 


If a = —1, all of its integer solutions (Xm, Ym) are given by 
Em 1 
Xm — DELE Em gE 2m+1, Ym = EP om41, m = 0. (6.5.16) 


If a = 5, all integer solutions (Xm, Ym) are 


= —Lam+1 F SFon41; Ym = EFəm+1, m > 0. (6.5.17) 


The signs + and — depend on m and correspond, while Em = +1. 
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Proof. Asin the proof of Theorem 6.5.4 the equation is equivalent to 
(2x + ay)? — (a? — 4a)? = —4. 


Suppose that this negative special Pell’s equation is solvable. Its solution (Xm, Ym) 
is representable in terms of Fibonacci and Lucas numbers as a linear combination 
with rational coefficients only if a? — 4a = 5s”. As in the proof of Theorem 6.5.4 
we obtain a, = -EL», + 2 and s, = Fən, n > 1. 

The equation (2x + ay)? — (a? — 4a)y? = —4 becomes 


(2x + ay)? — 5(s,y)? = —4, 


whose integer solutions are 2x, + aym = €mLom41 and Snym = +Fəm+1. It 
follows that 


Yn = | F2m+1 
m  — p 29 
Fon 


m> 1. 


If n > 2, then F5, > 2, and since 2n does not divide 2m + 1, it follows that 
Fən does not divide Fəm+1 (see [21, pp. 180] and [90, pp. 39]), hence ym is not an 


integer. 

Thus n = 1 and soa = +L 4-2,i.6, a = —l ora = 5. 

For a = —1, it follows y,, = +Fəm+1 and 2x,, — Ym = EmL2əm+1, and we obtain 
solutions (6.5.16). 

If a = 5, then ym = EF on41 and 2x, + 5y, = EmLəm+1, yielding the solutions 
(6.5.17). 


Remark. On the other hand, it is more or less known Zeckendorf's theorem in 
[230], which states that every positive integer can be represented uniquely as the 
sum of one or more distinct Fibonacci numbers in such a way that the sum does 
not include two consecutive Fibonacci numbers. Such a sum is called Zeckendorf 
representation and it is related to the Fibonacci coding of a positive integer. Our 
results are completely different, because the number of terms is reduced to at most 
two, and the sum in the representation of solutions is a linear combination with 
rational coefficients. 


Chapter 7 
Other Applications 


7.1 When Are an + b and cn + d Simultaneously 
Perfect Squares? 


In [122] and [123] it is proven that there are infinitely many positive integers n such 
that 2n + 1 and 3n + 1 are both perfect squares. The proof relies on the theory of 
general Pell's equations. 

In what follows we will present an extension of this result, based on our papers 
[13] and [14]. The main result is also cited in [41, Problem 1.13]. Recall that in 
Theorem 4.5.2 we proved that if a, c are relatively prime positive integers, not both 
perfect squares, and if b, d are integers, then the Diophantine equation 


ax? — cy? = ad — bc 
is solvable if and only if an + b and cn + d are simultaneously perfect squares for 
some positive integer n. In this case, the number of such n’s is infinite. If (xm, Ym)m>0 
are solutions to ax? — by? = ad — bc (see Theorem 4.5.1), then for all nmm m > 0, 
where 


2—b x2 —d 


m 


num ——— 
a C 


3 


any, + b and cnm + d are simultaneously perfect squares (see Theorem 4.5.2). 
From the previous formulas, we see that the least positive no for which ano + b 
and cng + d are simultaneously perfect squares is 


where (xo, yo) is the minimal solution to the equation ax? — cy? — ad — bc. 
The main result in this section is the following: 
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Theorem 7.1.1. Let a,c be relatively prime positive integers, not simultaneously 
perfect squares and let b, d be integers. Each of the following conditions is sufficient 
for the numbers an + b and cn + d to be both perfect squares for infinitely many 
positive integers n: 


1) b and d are perfect squares; 
2) a+ b and c + d are perfect squares; 


a = 
oa 
Proof. Conditions 1) and 2) state that an + b and cn + d are simultaneously perfect 
squares for n = 0 and n = 1, respectively. From Theorem 4.5.2 it follows that they 
have this property for infinitely many positive integers n. 

Condition 3) is equivalent to a — c — ad — bc, in which case the equation 
ax? — by? — ad — bc has solution (1, 1) and the conclusion follows from the same 
Theorem 4.5.2. 


Applications 


1) The numbers 2n + 3 and 5n + 6 are both perfect squares for infinitely many 
positive integers n. Indeed, the equation 2x? — 5y? — —3 has solution (1, 1) and 
the result follows from Theorem 4.5.2. 

2) If k is an arbitrary positive integer different from 3, then n and (k? — 4)n — 1 
cannot be simultaneously perfect squares. Indeed, in Section 3.6 we saw that the 
negative Pell’s equation x? — (k? — 4)y? = —1 is not solvable (see also [199]) 
and the conclusion follows from Theorem 4.5.2. 

3) If p and q are relatively prime positive integers and pq is not a perfect square, 
then pn + 1 and qn + 1 are simultaneously perfect squares for infinitely many 
positive integers n. This property follows from Theorem 7.1.1.1). For p — 2 and 
q — 3 we obtain the result in [122]. For p — 3 and q — 4 we obtain Problem 8 
in [25, p. 83]. 

Ifp = 1andq = 3 we obtain the first part of the result in [40]. The second part 
shows that if nj < no < +- < ny < ... are all positive integers satisfying the 
above property, then ngnęg+1ı + 1 is also a perfect square, k = 1,2,.... Indeed, the 
equation is 33? — y? = 2, which is equivalent to the Pell’s equation u? — 3v? = 1, 


1 
where u = -(3x — y) and v = gU — x). The general solution is (ui, vk)k>1, 


ral 
2 
where ug + v V/3 = (2+ V/3)*, k > 1, hence 


np = xf — 1 = (ue +)? — 1 = =[(2 + V3)" + 2- V3) — 4. 


|r 


We have 


1 2 
mam +1 = fale + V3)? + (2 — y3 — J ; kx 
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4) For any nonzero integers k and /, the numbers (k? + 1)n + 21 and 2kn + P + 1 
are simultaneously perfect squares for infinitely many positive integers n. This 
follows from Theorem 7.1.1.2). 

The following application appeared in [11] (see also [25, p. 82]). The smallest 
positive integer m such that 19m + 1 and 95m + 1 are both perfect squares 
is 134232. Indeed, setting 19m = n we are looking for the smallest n = 0 
(mod 19) such that n + 1 and 5n + 1 are simultaneously perfect square. In this 
case, the equation is x? — 5y? — —4, whose general solution is given by 


5 


wm 


k 
1 14/5 
Jatav £). k=1,3,5,... 


(see also Section 4.3.2). It follows that yy = Fox-1, k = 1,2,..., and n; = 
F2, , — 1. The smallest k for which n, = 0 (mod 19) is k = 9, hence the 


1 
desired integers is m — 19/9 — 134232. 


7.2 Triangular Numbers 


nin+1 . : R 7 
Let T, = TUS denote the n^ triangular number. In this section we will present 
several situations when some properties related to these numbers reduce to solving 
Pell-type equations. 


7.2.1 Triangular Numbers with Special Properties 


There are infinitely many positive integers n for which T, is a perfect square. Indeed, 


n(n 4- 1) 


if T, is a perfect square, then so is T4n(n41), because =k? implies 


Tan(n-+1) = Tg = AK (8k? + 1) = AK (An? + 4n + 1) = [2k(2n + 1))?. 


Taking into account that T, = 17, by the above procedure, we generate a 
sequence of perfect square triangular numbers. A formula for such integers n has 
already been given in (5.4.8). 
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It is natural to ask what are all triangular numbers that are perfect squares. We 
have [15]: 


Theorem 7.2.1. The triangular number T, is a perfect square if and only if 


2 
2P;, m even 


r=} [a+var ra- vD] (7.2.1) 
2 , 


where (Pm)m>o is the Pell's sequence. 


Proof. The equation T, = y? is equivalent to (2x + 1)? — 8y? = 1. The Pell's 
equation u? — 8v? — 1 has solutions 


(1 + V2)" + 1 - v3yn] 


N| = 


Um = 


and 
1 


2/3 + v2)" (he vay] = Pam 


Um = 


hence the conclusion. 


Remarks. 1) Every other x satisfying T, = y? is a perfect square. 

2) Every y satisfying T, = y? is a Pell number. 

3) The equation T, = (T,)? is more difficult. It has only solutions (1, 1) and (8, 3). 
A complicated proof was given by W. Ljunggren (see [150] for details). 

4) Some extensions of the result in Theorem 7.2.1 are given in the paper [223]. 


Theorem 7.2.2. If k is a positive integer that is not a perfect square, then the 
equation 


kT, = Ty (7.2.2) 


has infinitely many solutions in positive integers. 


Proof. Equation (7.2.2) is equivalent to (2y 4- 1)? —k(2x+1)? = 1 — K. Let (u1, v1) 
be the fundamental positive integral solution of Pell's equation u? — kv? — 1. If 
uy and v, are of opposite parity, we obtain infinitely many (but not necessarily all) 
positive integral solutions (x, y) by taking 


Qy+1+ (2x 1D) Vk = (1 + vk)(m m Vky, j—1,2,3,... 
If u; and v, are both odd (which can occur only when k = 0 (mod 8), we set 


u t vvk = (uy + vı vk}, 
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and since u; is odd and v is even, we get infinitely many positive integral solutions 
x, y by taking 


2y + 1+ (2x - D) Vk = (14+ Vk)(u--vVky, j—1,2,3,... 


This completes the proof of the theorem. 


The equation (7.2.2) is also studied in [34]. 

It is interesting to see what is the asymptotic density of “composite” triangular 
numbers among all triangular numbers. In [214] it is shown that this density is zero. 
More specifically, if F(n) denotes the number of triples a, b, c such that 


TaT =T, 1<a<b<c<n (7.2.3) 
we will show that 
F(n) < 4n?/^, (7.2.4) 


Denote g(x) = Av x? — d? for x > d, where A and d are given positive numbers. 
Suppose A is a fixed positive number. Then 


m) = s [eG +h) + g(x — h) 


is an increasing function of x for x > d + h. 
Clearly, 


g(x +h)? — g(x — h)? 2A?h 


~ 2x(s(x--h) - gx — 5) ge +h) - ex — h) 


m(x) 


Thus it suffices to show that g(x + h) — g(x — h) is a decreasing function of x for 
x > d +h. But for x > d + h we have 


A(x 4- h) A(x — h) 
Vah)? -da (x-hp?-d 


since the derivative of x(x? — d?)~1/? is —d?(x? — qd?) 3/2, 
Because F(n) = 0 for n € 7 we may assume n > 8. For a given a with 1 < 
a < n, let s(a, n) denote the number of pairs (b,c) satisfying (7.2.3). If b > a > 
1 1 
2'/4y1/2 clearly Tp > T, > 2 Oa + 1) and, hence T,T; > z” + 
Dry, 
Thus s(a,n) = 0 if a > 2'/4n'/?, and so 


g'h) - g'(x- h) = <0, 


[21/4n!/2] 
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Suppose that a and n are fixed and s(a,n) > 0. Set K = T,. Then the equation 
TaT, = t, is equivalent to K(b? + b) = c? +c or 
K{(2b + 1? — 1} = (2c +1)? — 1. 


Set u = 2b +1, v = 2c + 1. Because v? = (2c + 1)? € (2n + 1), we have 


2 


2. e án" án a EST pedit aqueit. 
a a 


K K a(a +1) 


so 
u < 3n/a. (7.2.5) 
On the other hand, u = 2b + 1 > 2a + 1 = V8K + 1 > V2K and 
v? = Ku? — K +1 > K((2b +1) — 1} > K{(2a+ 1? — 1} = 8K’, 


hence 


0< VKu-—v= a « = 
vVKu--v 22K +2V2K 


or 
0 < VKu—v < 1/(Av2). (7.2.6) 


Now suppose (b;, ci), i = 1,2,...,s are the solutions to KT, = T, witha < b; < 
cj < nand b4 < by < -+ < bs, where s = s(a,n). Set u; = 2b; +1 and v; = 2c; +1 
fori = 1,2,...,s. We claim that ujj1 — uj  ujj1 — uj fori <i<j<s—l. 

Suppose to the contrary that uj4; — U; = uj,1 — uj for some pair (i,j) with 
1<i<j<s-—1. From (7.2.6) we have 


—1/(4V2) < (VKui — vi41) — (VKui — vi) < 1/(4V2), 
SO 
VK (uit — ui) — (v1 — vi) = 6i, 
where |6;| < 1/(4v/2). Similarly, 
VK (uj41 — uj) — (441 — vj) = 6j, 
where |6;| < 1/(4V/2). Hence 
vit — Vi 0; = VK (uii — ui) = VK (uji — uj) = vga — vj + 6j, 
hence 


[(vj41 — vj) — (viai — vi)] = |0; — 6j| < 1/(2V2). 
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Because the left-hand side is an integer, we have 
Vi41 — Ui = Uj1 — Vj. (7.2.7) 


On the other hand (u;, vi), (uti, Vi+1), (uj, vj). (Uj+1, ¥j41) are points with positive 
integral coordinates lying on the hyperbola y? — Kx? — (K — 1) and satisfying the 
conditions uj41 — uj = Uj+1 — uj > 0, u; < uj. Further, 


vai-u  K(uhi—-u/(vua tv) _ Qna + y)/(uj + uj (72.8) 
Yar —Yy  K(uhi—up/(vicu) (Viga + v)/Quii + ui) 


Applying the monotonicity of function m, with 2h = uj, — uj = uj41 — uj and 


g(x) = y Kx? — (K — 1), we find that 
(uci + vj)/ (ujgx + uj) > (via + vi)/ (uii + ui), 


and then (7.2.8) gives vj41 — vj > vj44 — vj. But this contradicts (7.2.7) and so our 
assumption that u;+ı — u; = uj,4 — uj is untenable. 

Thus we have shown that the gaps ug — u1,ua3 — Ug,...,Us — Us—1ı are s — 1 
different even positive integers. Hence, 


Us — Uy = (u2 — u1) + (us — Ug) Ft (us — us-1) 


>2+4+4+---+4+2(s—1) 2 s(s— 1). 
Combining this with (7.2.5), we obtain 


3n/a > us > Us — Uy > (s — 1)’, 


SO 
s(a,n) < 1+ V/3n/a. 
Hence 
[21/4412] [21/41/23] 
F()- Y sa«m« Y (1+ V3n/a) 
a=2 a=2 
Q1/4,1/2 
< us 4 van f pde 
j 


91/441/2 


« vi | tdt < An3/4, 
0 


Thus (7.2.4) is proved. 
The following result was proven in [170]. 
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Theorem 7.2.3. The equation 

Tin = T4T, (7.2.9) 
is solvable for infinitely many triples (m,n, p), p > 2, and unsolvable for infinitely 
many triples (m, n, p). 


Proof. For the first part, we choose p = 2. The equation (7.2.9) becomes Tm = 3T;. 
From Theorem 7.2.2 it follows that the last equation has infinitely many solutions. 

For the second part, let m be an odd prime number. The equation (7.2.9) is 
equivalent to 


2m(m + 1) = n(n 4- 1)p(p + 1). 


Without loss of generality, we may assume that m|n or m|n + 1, i.e., n = km or 
n-4-1-km. 
Since p(p + 1) > 6, in the first case we obtain 


2(m + 1) = k(km + 1)p(p + 1) 2 6(m + 1), 


a contradiction. In the second case, when n = km — 1, we have 


2(m + 1) = (km — 1)kp(p + 1) > 6(m — 1) 


which is a contradiction, as well. It follows that equation (7.2.9) is not solvable. 


Tm 
7.2.2 Rational Numbers Representable as — 


The following results have been proven in [170]. The proof of the first result is based 
on some results contained in our papers [13] and [14]. 


Theorem 7.2.4. Ifr is a positive rational number and «/r is irrational, then there 
exist positive integers m, n such that 
Tin 


m 7.2.1 
r T, ( 0) 


Proof. Let r — E where p, q are relatively prime positive integers. Then (7.2.10) is 


1 2 1?-1 
equivalent to HEU = E ie., med) EE Letting 2m + 1 = x and 
n(n +1) q (2n+1) -1 q 
2n + 1 = y yields 


gx? — p? =q — p. (7.2.11) 
The irrationality of 4/r implies that pq is not a perfect square. 
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Since (7.2.11) is solvable (it has solution x = y = 1), from Theorem 4.5.1 it 
follows that it has infinitely many solutions. 

If (ux, vk)k>o is the general solution to the Pell’s equation u? — pqv? = 1, then 
uy + ve / pq = (uo + vo /pq)^, k > 1. It follows that uy = ug + pqvĝ, vı = 2uovo. 

From Theorem 4.5.1, (Xx, Yk)k>0, where Xy = uk + pur, Ye = Ue + qui, are 
solutions to the equation (7.2.11). Since u? — pqv? = 1 and v is even, it follows 


1 
that u4 is odd. Hence X, and Y, are both odd and we can choose m = 50 — 1) 


1 
and n — rice —1). 


Theorem 7.2.5. Among the positive rational numbers r for which 4/r is rational, 
infinitely many are representable in the form (7.2.10) and infinitely many are not. 


Proof. Let p be an odd integer and let r — (2p)?. Choosing m — p? — 1 and 
—1 a 
n= we obtain r — —. 


1 
If p is an odd prime, we will prove that r = (E 1 i is not of the form (7.2.10). 
P 


Ts 1 H1)? 
Indeed r = — would ad BORSE. perd) . Setting 2m + 1 = x and 
T, nnt+1)  (p-1) 
-z1. del 


2n+1=y, we have - 


,X,y > 3. The last equality is equivalent to 
-1^ (p-1g 


p-l, p^1 pel B4 = 
2 2? 2 23] P 


and so 


pA. pti 
2 2 


—1 
y= 1 and Ë x4 z J =P 


which yields x = 1 and y = 1, a contradiction. 


Tm 
7.2.3 When Is T a Perfect Square? 


In this subsection we are interested in finding all pairs (m,n) for which the ratio of 
triangular numbers 7,, and T, is the square of an integer. 

In [140] it is shown that pairs (4n(n + 1), n), n > 1, satisfy the above property. 
In the recent paper [101] all pairs (m,n) are determined by using a suitable Pell’s 
equation. 


178 7 Other Applications 


. T, . : 
The relation - = d is equivalent to 
n 


(2m+1)} ed . 


n421 4 
Using now the result and notation in Remark 5), subsection 5.6.2, we obtain 
2m, +1 = xy, qu = Zp, k > 0. It follows that m, = s Gk = zi, where 


og (mers em) + (meros) 
m Um (me 1e 2v) - (2n+1-2Vau+D) | 
ks. 


It is clear that x, is odd for all k, hence all such pairs (m,n) are given by 
(my, n)k>0, where n is an arbitrary positive integer. 


7.3 Polygonal Numbers 


The kth polygonal number of order n (or the kth n-gonal number) P; is given by the 
equation 


p MC 2)(k — 1) 4- 2]. 


Diophantus (c. 250 A.D.) noted that if the arithmetic progression with first term 
1 and common difference n — 2 is considered, then the sum of the first k terms 
is P?. The usual geometric realization, from which the name derives, is obtained 
by considering regular polygons with n sides sharing a common angle and having 
points at equal distances along each side with the total number of points being P7. 

The first forty pages of Dickson's History of Number Theory, Vol. II, are devoted 
to results on polygonal numbers. 

In [201] it is shown that there are infinitely many triangular numbers which at 
the same time can be written as the sum, the difference, and the product of other 
triangular numbers. It is easy to show that 4(m? + 1)? is the sum, difference, 
and product of squares. Since then, several authors have proved similar results for 
sums and differences of other polygonal numbers. In [85] are considered pentagonal 
numbers, in [162] and [163] are considered hexagonal and septagonal numbers, and 
in [6] it is proved that for any n infinitely many n-gonal numbers can be written 
as the sum and difference of other n-gonal numbers. Although [85] gives several 
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examples of pentagonal numbers written as the product of two other pentagonal 
numbers, the existence of an infinite class was left in doubt. 

In this section we show that for every n there are infinitely many n-gonal numbers 
that can be written as the product of two other n-gonal numbers, and in fact show 
how to generate infinitely many such products. We suspect that our method does 
not generate all of the solutions for every n, but we have not tried to prove this. 
Moreover, except for n — 3 and 4, it is still not known whether there are infinitely 
many n-gonal numbers which at the same time can be written as the sum, difference, 
and product of n-gonal numbers. 

Our proof uses the theory of the Pell equation. We also use a result on the 
existence of infinitely many solutions of a Pell equation satisfying a congruence 
condition, given that one solution exists satisfying the congruence condition. Next 
we note some facts about the Pell equation and prove this latter result. Then we 
prove the theorem on products of polygonal numbers. 

In what follows, Z} denotes the set of positive integers and (a,b) = (c,d) 
(mod m) means that a = c and b = d (mod m). 


Theorem 7.3.1. /f D € Z, is nota square, then for any m € Z, there are infinitely 
many integral solutions to the Pell’s equation u? — Dv? = 1, with (u,v) = (1,0) 
(mod m). 


Proof. Suppose (ui, vı) is the fundamental solution to Pell’s equation 
u — Dv? = 1 
and that (uj, vj);>1 is the general solution given by 
uj + ujv D = (u +V DY, j21. 


Since there are only m? distinct ordered pairs of integers modulo m, there must 
be j, 1 € Z4 such that (uj, vj) = (u, vj) (mod m). We notice that, for any k > 2, 


uy + v, V D = (ui + vı v D) (up—1 + vi V D) 
so 
uy = uiuy 1 + Dvyzvg_y and vy = viuy 3 + uva 


(see also Section 3.2). 
Applying these equations to the above congruence, we deduce 


uij- T Dvyvj-1 = uui + Dviv 1 (mod m) and (1.3.1) 


Uj1Uj—1 T U1tUj-1 = U1UJ—1 + Uy VUj—-1 (mod m). 
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From (7.3.1) it follows (u? — Dv7)yj-1 = 
u? — Dv? = 1, we obtain vj. 1 = vii (mod m). 

Similarly, from (7.3.1) we obtain uj.1 = v. (mod m), so (uj.1,vj.1) = 
(uj-1, vj-1) (mod m). 

We can conclude that for i = |j — 1 
any i € Z4. 


(u? — Dv2)vi1 (mod m). Since 


, (1,0) = (uo, vo) = (usi, Vsi) (mod m), for 


Theorem 7.3.2. If a,b,m,D € Z4, D is not a square, and the general Pell's 
equation u? — Dv? = M has a solution (u*,v*) with (u*,v*) = (a,b) (mod m), 


then it has infinitely many solutions (ur,vg)ksi such that (uš, vš) = (a,b) 
(mod m). 
Proof. Let (ux, Vvk)k>ı be the solutions to the Pell's equation u? — Dv? = 1, 


guaranteed by Theorem 7.3.1, i.e., (uy, vy) = (1,0) (mod m). Then the solution 
(ug, vi )k>1 to the general Pell's equation obtained from these solutions are such 
that 

uj = uu, + Dv*vy =a-14+ Db-0 a (mod m) 


and 


up = VU, tury, =b-1+a-0=b (mod m), k>1 


(see also Section 4.1). 


The following Corollary follows by taking m in Theorem 7.3.2 to be the least 
common multiple of m; and mə. 


Corollary 7.3.3. If a,b,m,,m2,D € Zi, D is not a square, and a? — Db? = M, 
then there are infinitely many solutions to the general Pell’s equation u? — Dv? = M 
with u = a (mod mi) and v = b (mod mg). 


Next we show that any nonsquare n-gonal number is infinitely often the quotient 
of two n-gonal numbers (see [68]). The theorem that n-gonal products are infinitely 
often n-gonal and a remark on the solvability of a related equation follow. 


Theorem 7.3.4. If the n-gonal number P = P, is not a square, then there exist 
infinitely many distinct pairs (Py, Py) of n-gonal numbers such that 


P, = P,P}. (1.3.2) 


Proof. Recalling that Py = 
(7.3.2) becomes 


x ! ; 
gn — 2)(x — 1) + 1] and setting n — 2 = r, equation 


rx? — (r—2)x= Plry? — (r - 2]. 


7.3. Polygonal Numbers 181 


Multiplying by 4r to complete the square gives 


(2rx — (r - 2)? — (r- 2)? = Pl(2ry — (r — 2) — (r- 2]. 
Setting 
u=2rx—(r—2), v—2ry — (r—2) (7.3.3) 
we get the general Pell's equation 
u? — Py? = M, (7.3.4) 
with M = (r — 2)? — P(r — 2)?. 
Thus, in order to ensure infinitely many solution (x, y) to (7.3.2), it suffices to 
have infinitely many solutions (u,v) to (7.3.4) for which the pair (x, y) obtained 
from (7.3.3) is integral. Put another way, it suffices to show the existence of infinitely 


many solutions (u*, v*) to (7.3.4) for which the congruence 


(u*,v*) = (—(r — 2), —(r — 2)) = (r+ 2,r + 2) (mod 2r) 


holds. 

But notice that, since P, = 1, a particular solution of (7.3.2) is x = s, y = 1, and 
these values of x and y give u = (2s — 1)r + 2, v = r + 2, as a particular solution of 
(7.3.4). Thus, we have a solution (u*, v*) of (7.3.4) with (u*,v*) = (r+ 2,r +2 
(mod 2r). Theorem 7.3.2 guarantees the infinitely many solutions we are seeking. 


Our final result is now a straightforward corollary. 


Theorem 7.3.5. For any n > 3, there are infinitely many n-gonal numbers which 
can be written as a product of two other n-gonal numbers. 


Proof. The case n = 4 is trivial. By Theorem 7.3.4, we need only show that P, is 
not a square for some s. But for n Æ 4, at least one of Pa = n and Py = 9(4n — 7) 
is not a square. 


Remarks. 1) Trying to prove that 
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and solving the corresponding Pell's equation that results works if n 4 27? + 2, 
and thus, for these values of n, there are infinitely many solutions to the equation 
Py = PP}: 

2) There are 51 solutions of P? = P?P? with P? < 109. There are 43 solutions of 
P= PSP with 5 < n € 36 and P? < 106. For 36 « n « 720, there are no 
solutions with P" < 106. 

3) In [107] are considered the simultaneous equations P? = PT? = P4, where 
m,n, q, X, y, z are positive integers. By reducing these to systems of simultaneous 
Pell equations, one can show that if (m, n, q) is not a permutation of (3, 6, k) (for 
k > 3), then all solutions of the above system of equations have max{x, y, z] < c, 
where c is an effectively computable constant depending only on m,n and q. In 
fact, the remaining case may also be easily analyzed, upon noting the reduction to 


Z -jx'-(-16- 4), 


if we take (m,n,q) = (3,6,j + 2). If j is a square, this equation has at most 
finitely many solutions, while, if j > 1 is not a square, it has infinitely many, 
corresponding to classes of the given Pell's equation, upon noting that (Z, X) — 
(j — 2, 1) gives one such solution. 


7.4 Powerful Numbers 


Define a positive integer r to be a powerful number if p? divides r whenever the 
prime p divides r. The following list contains all powerful numbers between 1 and 
1000: 1, 4, 8, 9, 16, 25, 27, 32, 36, 49, 64, 72, 81, 100, 108, 121, 125, 128, 144, 
169, 196, 200, 216, 225, 243, 256, 288, 289, 324, 343, 361, 392, 400, 432, 441, 484, 
500, 512, 529, 576, 625, 648, 675, 676, 729, 784, 800, 841, 864, 900, 961, 968, 972, 
1000. Let k(x) denote the number of powerful numbers not exceeding x. Following 
[77] we show that 


with the constant c — 


, where G is the well-known Riemann zeta function. 


(3/2) 
3 


We also prove that there are infinitely many pairs of consecutive powerful integers, 
such as 8, 9 and 288, 289. We conclude with some results and conjectures 
concerning the gaps between powerful numbers. 
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7.4.1 The Density of Powerful Numbers 


Let 
F(s)=|][GQ+p *%+p*+...) =]] (1 + —) (7.4.1) 
P 


where the products are extended over all primes p. It is evident that 


F(s) 2M r^, (7.4.2) 


rcK 


where K is the set of powerful numbers. Then, the sum of the reciprocals of the 
powerful numbers, 


F(1) - M : =] (1 + xc) (7.4.3) 


rEK p 


is seen to be convergent (see [136-138] for the theory of convergent series). 

To estimate k(x), the number of powerful numbers up to x, we observe first that 
k(x) 2 [vx], since every perfect square is powerful. Next, we observe that every 
powerful number r can be represented as a perfect square n? (including the case 
n = 1) times a perfect cube m? (including m = 1), and that this representation is 
unique if we require m to be square-free. That is, we set m equal to the product of 
those primes having odd exponents in the canonical factorization of r into powers 
of distinct primes, and the representation r = n?m? is then unique. 

Thus, 


m? 
m=1 
(7.4.4) 
where 
y (mm? < (3/2) < oo. (7.4.5) 
m=1 
Explicitly, 


e-I[a«»»5-][[a-»9»70-5?)-ce83/2€3) 146) 


p p 


where C(s) is the Riemann zeta function (see [213]). This evaluation of c comes 
from setting s — 3/2 in the identity 
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m=1 p 
= 1 —p * 
= tap 
- [Ia -»7»/T[a -»^ 
p p 
= ¢(s)/¢(2s) (7.4.7) 
for all Re(s) > 1, where ¢(s) aS eR = II (1 — p^*)-! for Re(s) > 1. 
n=1 


For purposes of estimation, we have the equalities 


cxi? > k(x) 2 ex!/? — 3x13 for x 2 1, (7.4.8) 


because cx!/? = M p? (m)(x/m?)? = V * p? (m)[(x/m?)'/?] = k(x), and 


m=1 
o! — a) = clu) - x sm p 
pri 1/2 
s" wis È u) 
mel mp3] 


IA 


([x/5] — 1) + " +x NL 
[31/8] 


IA 


x13 4 2x1/24-1/6 = 3x1/3, 


Numerically, c = 2-173... 
We have the further identities: 


rEK 
oo oo 

E 5 n2 5 n (m)m-? 
n=1 m=1 
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=X e” [0 +>, (1.4.9) 


where we used the substitution t = mn; 


F(s) = 3 n 2 p? (m)m 7 = C(25)C(35)/6 (65), (7.4.10) 
and 
F(1) = ¢(2)¢(3)/¢(6) = 3 v(e)”, (7.4.11) 
where 


U(t) = : | (: + *) , (7.4.12) 


plt 


by setting s = 1 in the previous identities (7.4.9) and (7.4.10). 
Since ¢(2) = 7? /6 and ¢(6) = 19/945, we observe 


F1) = — 6, (7.4.13) 


7.4.2 Consecutive Powerful Numbers 


Four consecutive integers cannot all be powerful, since one of them is twice an odd 
number. No example of three consecutive powerful numbers is known, unless one 
is willing to accept -1, 0, 1. If such an example exists, it must be of the form 


4k—1, 4k, 4k +1. 


No case of 4k — 1 and 4k + 1 both being powerful is known. In fact, the only 
known example of consecutive odd numbers 2k — 1 and 2k + 1 both being powerful 
is 2k — 1 = 25, 2k + 1 = 27. 

There are two infinite families of examples where two consecutive integers are 
powerful which correspond to the solutions of the Pell equations x? — 2y? — 1 and 
x? — 2y? = —]. 

Let x1,y1 satisfy x? — 2y? = +1. Then 8x2y? = A and (x? + 2y7)? = B 
are consecutive powerful numbers. The following table gives several examples of 
consecutive powerful numbers from solutions of the equations x? — 2y? = +1. 
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332928 = 25.32. 1721332929 = 577? 
72 4AoBo 4AoBo +1 


x y A B 
1 1 8 = 23 9=3? 
3 2 288 = 25.3? 289 = 17? 
T 5 9800 = 28 . 52.72 [9801 = 34-11? 
17 12 
Ao 


VBo 


If A and B = A + 1 are consecutive powerful numbers, and if B is a perfect 
square, B = u?, then A = (u — 1)(u + 1). If u is even, then (u — 1,u + 1) = 1, 
and both u — 1 and u + 1 are odd powerful numbers. As already remarked, the only 
known instance of this occurrence is u — 1 = 25, u + 1 = 27, leading to the isolated 
example A = 675 = 3° - 5?, B = 676 = 2? - 13?. If u is odd, then (u — 1)/2 and 
(u + 1)/2 are consecutive integers, with ((u — 1)/2, (u + 1)/2) = 1. For u? — 1 to 
be powerful, (u — 1)/2 and (u + 1)/2 must be a powerful odd number and twice 
a powerful number, in either order. The two Pell equations produce examples in 
both orders. However, an example satisfying neither of these Pell equations is also 
known, with (u — 1)/2 = 242 = 2-11? and (u + 1)/2 = 243 = 3°. This leads to 
A = 235.224 = 23 . 35 . 11^ and B = 235.225 = 5^ . 97°. 

Whenever A and B are consecutive powerful numbers, so too are A’ = 4AB and 
B' = 4AB+1 = (2A4-1)?. The solution xo = 1, yo = 1, of x? — 2y? = —1 generates 
all solutions of the Pell equations x? — 2y? = +1, in the sense that x, + y,V2 = 
(xo + yoV2)" yields the complete set of solutions (xn, yn) such that x? — 2y? = +1. 

Note that the consecutive powerful numbers A = 675, B = 676, come from the 
solution x = 26, y = 15, of the Pell equation x? — 3y? = 1, with A = 3y? and 
B = x’. Similarly, the example A = 235.224, B = 235.225 of consecutive powerful 
numbers arises from the Pell equation x? — 6y? = 1 with x = 485, y = 198. More 
generally, any solution (x1, y1) of the Pell equation x? — dy? = +1, with the extra 
condition that d|y?, leads to an infinite family of consecutive powerful numbers, 
starting with Ay = x7, B1 = dy? = A1 +1, and continuing with A, = x2, B, = dy?, 
where (xn, Yn) are obtained from the computation (x1 + V dy1)” = Xn + Vdyn. 

Conversely, whenever we have two consecutive powerful integers, if one of them 
is a perfect square x”, we can write the other in the form n?m? = my?, with m 
square-free, and we have a solution to the Pell equation x? — my? = +1. 

In all cases given thus far consecutive powerful numbers, the larger number is a 
perfect square. However, the Pell equation x? — 5y? = —1 with 5|y leads to infinitely 
many powerful numbers x? + 1 = 5y?, such as 3? = (682)? = 465124; 5y? = 
5(305)? = 5° . 61? = 465125. 

One example consisting of two consecutive powerful numbers where neither is a 
perfect square is given by A = 233 = 12167 and B = 2? . 3? . 13? = 12168. An 
interesting method based on the equation ax?—by? = 1 to generate such consecutive 
powerful numbers is presented in the paper [220]. For instance, in this paper is found 
A = 7(2637362)? = 48689748233308 and B = 3(4028637)? = 48689748233307. 
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7.4.3 Gaps Between Powerful Numbers 


The set K of powerful numbers is closed under multiplication. Since there are 
infinitely many pairs of powerful numbers which differ by 1, there are infinitely 
many pairs of powerful numbers differing by r, for any r € K. 

Every positive integer not of the form 2(2b + 1) is difference of two powerful 
numbers in at least one way (specifically, as a difference of two perfect squares). For 
numbers of the form 2(2b + 1), b 2 0, such representations may also exist. Thus: 


2= 33-5? 30 = 83? — 19? 
6 =? 34 =? 
10 = 13? — 37 38 = 37? — 11° 
14 =? 42 =? 


18 = 19? — 73 = 32(33 — 52) 46 = 172 — 35 
22 = 72 — 33 = 472—3750 = 52(38 — 52) 
26 = 33 — 12 = 72.35 — 109? 54 = 34 — 33 = 33 (33 — 52) = 73 — 172. 


If u and v are both powerful numbers, (u, v) = 1, and a = u — v, we say that a 
has a proper representation as a difference of powerful numbers. We observe that 


2b +1 = (b--1P?-P 
8c = (2c + 1)? — (2c — 1)? 


so that all odd numbers, as well as all multiples of 8, have proper representations. 
Among the numbers 2(2b + 1), b = 0,1,...,13 for which representations were 
found, there were proper representations included in every case except 2(2b + 1) = 
50. Finally, for numbers 4(2b + 1), b = 0,1,...,12, we observe the following 
proper representations: 


4= 53-11? 60 =? 

12 = 47? — 133 68 = 33 . 54 — 7° 
20 =? 76 = 58 —7? 

28 =? 84 =? 

36 =? 92 =? 

44 = 58 — 34 = 13? — 53 100 = 7 — 35 
52 =? 


It is interesting that if u and v = u + 4 are both powerful, then so too are u’ = uv 
and v' = u' + 4 = (u + 2)?. Thus, from the example 4 = 5? — 11°, an infinite 
number of proper representations of 4 are obtainable. It would be interesting to 
determine whether or not any numbers other than 1 and 4 have infinitely many 
proper representations. 
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Among the powerful numbers which are not perfect squares, the smallest 
difference known to occur infinitely often is 4. Specifically, the equation 3x? — 2y? = 
1 has infinitely many solutions for which 3|x, such as x = 9, y = 11. For any 
such solution, we have 12x? — 8y? — 4, where 12x? and 8y? are both powerful, 
and neither is a square. The only known instances where the difference between 
nonsquare powerful numbers is less than 4 are: 27 — 5? = 3, and (as previously 
mentioned) 2° . 32 . 13? — 23? = 1. 

It has been conjectured that 6 cannot be represented in any way as a difference 
between two powerful numbers. It is further conjectured that there are infinitely 
many numbers which cannot be so represented. Other interesting properties and 
open problems concerning powerful numbers are mentioned in [141]. 


7.5 The Diophantine Face of a Problem Involving 
Matrices in M2(Z) 


Let R be a ring with identity. An element a € R is called unit-regular if a = bub 
with b € Randa unit u in R, clean if a = e+u with an idempotent e and a unit u, and 
nil-clean if a = e + n with an idempotent e and a nilpotent n. A ring is unit-regular 
(or clean, or nil-clean) if all its elements are so. In [48], it was proved that every 
unit-regular ring is clean. However, in [103], it was noticed that this implication, 
for elements, fails. In the paper, plenty of unit-regular elements which are not clean 


are found among 2 x 2 matrices of the type k 4 with integer entries. 


While it is easy to prove that any nil-clean ring is also a clean ring, the question 
whether nil-clean elements are clean, was left open (see [63] and restated in [64]) 
for some 7 years. In this section, following the paper [29], we answer in the negative 
this question. 


7.5.1 Nil-Clean Matrices in Mo(Z) 


As this was done (in a special case) in [103], we investigate elements in the 2 x 2 
matrix ring M5 (Z). Since Z and direct sums of Z are not clean (not even exchange 
rings), it makes sense to look for elements which are not clean in this matrix ring. 

We first recall some elementary facts. 

Let R be an integral domain and A € M,,(R). Then A is a zero divisor if and only 
if det A = 0. Therefore idempotents (excepting the identity matrix) and nilpotents 
have zero determinant. 

For A € M,,(R), rk(A) < nif and only if det A is a zero divisor in R. A matrix 
A is a unit in M,,(R) if and only if det A € U(R). Thus, the units in M2(Z) are the 
2 x 2 matrices of det = +1. 
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Lemma 7.5.1. Nontrivial idempotents in M2(Z) are matrices 


a+1l u 
v —Q 
with a? + a + uv = 0. 


Proof. One way follows by calculation. Conversely, notice that excepting I2, such 
matrices are singular. Any nontrivial idempotent matrix in M2(Z) has rank 1. By 
Cayley-Hamilton Theorem, E? — tr(E)E + det(E)Iz = 0. Since det(E) = 0 and 
E? = E we obtain (1 — tr(E)).E = 05 and so, since there are no zero divisors in Z, 
tr(E) — 1. 


Lemma 7.5.2. Nilpotents in M 3(Z) are matrices 
[| 
y= 


Proof. One way follows by calculation. Conversely, just notice that nilpotent 
matrices in Mə(Z) have the characteristic polynomial £? and so have trace and 
determinant equal to zero. 


with B? + xy = 0. 


Therefore the set of all the nil-clean matrices in M2 (Z), which use a nontrivial 
idempotent in their nil-clean decomposition, is 


ME EST lo B vay e Zia! eae =0= ey]. 
vty —a-f 

Remarks. 1) Nil-clean matrices in Mf2(Z) which use a nontrivial idempotent, have 
the trace equal to 1. Otherwise, this is 2 or 0. 

2) Since only the absence of nonzero zero divisors is (essentially) used, the above 
characterizations hold in any integral domain. 


It is easy to discard the triangular case. 


Proposition 7.5.3. Upper triangular nil-clean matrices, which are neither unipo- 
tent nor nilpotent, are idempotent, and so (strongly) clean. 


at+l u 


Proof. Such upper triangular idempotents are | | with 
a 


— det = o? +a = 0, 
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Ou 


lu 
h —1 that i 
so have a € {—1,0}, that is, E Or D 


| . Upper triangular nilpotents have 


the form D | , and so upper triangular nil-clean matrices have the form $ | or 


h ‘| . As noticed before, these are idempotent. 


In the sequel we shall use the quadratic equation (3.1.1) 
ax? + bxy + cy? +dx+ey+f = 0, 


where a, b, c, d, e,f and are integers. 
Denote D =: b? — 4ac, g =: gcd(b? — 4ac;2ae — bd) and 


A =: Aacf + bde — ae? — cd? — fo. 
Then the equation reduces to 
D A 
——Y? + gX? + 4a— —0 
8 8 


which (if D > 0) is a general Pell equation. Here 


2ae — bd 


D 
Y = 2ax + by + d and X = —y + 
8 8 


Notice that this equation may be also written as —DY? + X? + 4aA = 0 replacing 
X by gX (and so X = Dy + 2ae — bd). 


7.5.2 The General Case 


In order to find a nil-clean matrix in M2(Z) which is not clean, we need integers 
a, DB, u, v, x, y with o? +a + uv = 0 = f? + xy, such that for every y, s, t € Z, with 
Y? +y + st = 0, the determinant 


aer| 22577 Pe ssl" (a+ B — 3) — (u-- x ^ s)(v- y — t) d (1). 


y+1 s 
t — 


That is, subtracting any idempotent | | from 
y 
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a+l u B x 
BET 


the result should not be a unit in M2(Z). 


Remark. Notice that above we have excepted the trivial idempotents. However, this 
will not harm since, in finding a counterexample, we ask for the nil-clean example 
not to be idempotent, nilpotent nor unit (and so not unipotent). 

In the sequel, to simplify the writing, the following notations will be used: firstly, 
m :— 2o 4- 28 +1 (m is odd and so nonzero) and n := (u--x)(v - y) - (a.- 8)? 4-1, 
and secondly, r :— a+ B and ô :— r? +r + (v + y)(u + x). Then 


m=2rt+1,n=(utx)(vty)+P4t1=6-r4l. 


This way an arbitrary nil-clean matrix which uses no trivial idempotents is now 
written 


C= p 
vu+y —r 


and ó — — det C. To simplify the wording such nil-clean matrices will be called 
nontrivial nil-clean. 


Theorem 7.5.4. Let 


C= oe 
Ub y -r 


be a nontrivial nil-clean matrix and let 


E= ies s | 
t =y 


be a nontrivial idempotent matrix. With above notations, C — E is invertible in 


Mo(Z) with det(C — E) = 1 if and only if 
X? — (1+ 46)Y? = 4(v + y)? (2r + 1)*(8? + 26 + 2) 
with 


X = (2r + 1)[- (1 + 46)t + (28 + 3)(v + y)] 


and 


Y = 2(v + y)?s + (2? + 2r + 1-- 26)t — (26 + 3)(v + y). 
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Further, C — E is invertible in M2(Z) with det(C — E) = —1 if and only if 


X? — (1-- 46)Y? = 4(v + y)? (2r + 1)?ó(6 — 2) 


with 
X = (2r + 1D)[- (1 + 48)t + (26 — 1)(v + y)] 
and 
Y = 2(v + y*s + (2? + 2r +1 + 26)t — (26 — 1)(v + y). 
Proof. For given a, B, u, v, x, y, det(C — E) = +1 amounts to a general inhomo- 


geneous equation of the second degree with two unknowns, which we reduce to a 
canonical form, as mentioned in the previous section. Here are the details. 


—y! — st — (a+ B)? + 2(a + Byy + (v +y)s + (u + x)t — (u + x)(v + y) 
= (2a + 28 + 1)y + (v + y)s + (u + x)t — (u + x)(v + y) — (a + BP = 1. 


The case det = 1. Since 


—my = (v+y)s+ (u+ x)t— (u+ x)(v+y)— (a+ 8 —1 = (v+y)s+ (u+x)t—n, 
we obtain from (—my)? — m(—my) + m?st = 0, the equation 

[(v 4- y)s + (u + x)t — n]? — m[(v + y)s + (u + x)t — n] + m?st = 0, 
or 


(v - ys? + [2(v+y)(u+x) +m? ]st + (u + x)?t? 
(m+ 2n)(v + y)s — (m + 2n)(u+x)t + (m + n)n = 0. 


Thus, with the notations of the previous section 
a= (v +y}, b= [(v +y) (u +x) - m?], c = (u + xy? 
and 
d = —(m + 2n) (v + y), e 2 —(m + 2n) (u + x), £ = (m + n)n. 


Further 
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= m^ + Am? (v + y)(u + x) = m?[m? + 4(v + y)(u + x)], 
2ae — bd = m? (m + 2n)(v + y) for g = gcd(D, 2ae — bd) 


(notice that m?|g) and 
A = 4acf + bde — ae? — cd? — ft? 
= A(v t+ y)? (u 4- x)? (m 4- n)n + [2(v + y)(u + x) + n?](m + 2n? (v + y)(u + x) 
(v + y? (m + 2n)? (u + x? — (u + x)?’ (m + 2n? (v + y)? 


— (m + n)n[2(v + y)(u + x) + n?P? 


= m^ ((v  y)(u + x) — (m + n)n]. 


The case det = —1. Formally exactly the same calculation, but n is slightly 
modified: here 


n! = (u  x)(v +y) + (a - B — 1, 


ien :— n — 2. 
These equations reduce to the canonical form 


gX? — Dy = ig 
E E 
with 
D = m? [m? +4(v + y)(u + x)], 
g = gcd(D, m? (m + 2n) (v + y)), a = (v +y)? 
and 


A = m’ ((v + y)(u +x) — (m + n)n]. 


D 
. — 2 / . . 
Since clearly g = m^g', in the above equation we can replace D and A by i 


A^ 
and à (and g = ged(m? + 4(v + y)(u + x); (m + 2n)(v + y))), that is D = 


m? + A(v + y)(u + x) and A = m?((v + y)(u + x) — (m + n)n]. 
Further, this amounts to g?X? — DY? = —4aA and so we can eliminate g (by 
taking a new unknown: X' — gX). Hence we reduce to the equation 


X? — [m + 4(v + y)(u + x)]Y? = —4(v + y^m^[(v + y)(u + x) — (m + n)a]. 
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which we can rewrite as 
X? — (1+ 46)Y? = 4(v + y) (2r + 1)? (6? + 26 + 2). 


Further, for det — —1, we obtain a similar equation replacing n by n — 2, i.e., 
n=6-r-l: 


X? — (1+46)¥? = 4(v + y)?(2r + 1)?6(6 — 2). 


The linear systems in s and ¢ corresponding to det = 1 and det = —1, are 
respectively: 


p + y)*s + (27 + 2r +14 28)t— (26 -3)(v +y) = Y 
(2r + D[- (1 + 46)t + (26 + 3)(v + y)] =X 


for det = 1 
(here — (2r + 1)y = (v +y)s + (u+x)t—n = (v+y)s+(u+x)t—6+r—1), and 


T yy^s + (2r? + 2r -1-4- 26)t — (26 - 1)(v +y) = Y 
(2r + 1)[- (1 + 46)t + (26 — 1)(v + y)] =X 


for det = —1 
(here — (2r + 1)y = (v +y)s + (u+x)t—n' = (vt+y)st+(utx)t—d+r4+1). 


7.5.3 The Example 


Since 1 + 46 > 1 if 6 > 0, in this case, from the general theory of Pell equations, 
it is known that the equations emphasized in Theorem 7.5.4 have infinitely many 
solutions, and so we cannot decide whether all the linear systems corresponding to 
these equations have (or not) integer solutions. However, if ô € —1, then 1+4ô < 0 
and we have elliptic type of Pell equations, which clearly have only finitely many 
integer solutions. 

Take r = 2,6 = —57 and v+y = —7,u+x = 9, that is, the matrix we consider is 


3 9 
; 1446 = —22T. 
EMEND 


More precisely a = —1, B = 3, u = 0, v = —6, x = 9, and y = —1, i.e., the 
nil-clean decomposition 


E E 7 ea t E al | 
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The (elliptic) Pell equation which corresponds to a unit with det = 1 is X? + 
227Y? = 15.371.300 with X = 3(227t + 777) (we shall not need Y). 

Since X = 227(3t + 10) + 61 we deduce X? = 227k + 89 for a suitable integer 
k. However, since 15.371.300 = 67.715 x 227 — 5 from the Pell equation we obtain 
X? = 2271 — 5 (for a suitable integer /) and so there are no integer solutions. 

As for the equation which corresponds to det = —1, X? + 227Y? = 16.478.700 
with X = 3(2271-- 805). Analogously, X = 227(3t4-10) 4-145 and X? = 227p+141 
(for some integer p). Since from the Pell equation (16.478.700 = 72.593 x 227 +89) 
we obtain X? = 227q4-89 (for an integer q), and again we have no integer solutions. 


7.5.4 How the Example Was Found 


A deceptive good news is that both equations (in Theorem 7.5.4) are solvable (over 
Z): the first equation admits the solutions 


X = (v + y)(2r + 1)(26 + 3) and Y = (v + y)(2r + 1), 


and the second equation admits the solutions: 


X = (v + y)(2r + 1)(26 — 1) and Y = (v + y)(2r + 1). 


Therefore, the main problem which remains with respect to the solvability of the 
initial equations in s and ¢ (y is determined by s and f) is whether the linear systems 
above (in s and f) also have solutions (over Z). Here is an analysis of this problem, 
just for the solutions given above. 

For a unit with det — 1 we have four solutions: 
for +X = - (v + y)(2r + 1)(26 + 3) we obtain t = 0. 

Then for +Y = +(v + y)(2r + 1) we obtain 


r>4+2r+2 
+ a 


nd^ — —1 
u+y 7 


and for —Y = —(v + y)(2r + 1) we obtain 


+i 


and y = 0. 
+y T 


$—u-c-x- 
Vv 
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The corresponding clean decompositions are 


? E2r4-2 ? +2r+2 
ETE Cathe = d PPP 
uty =r 0 1 uty -r-1 
2+1 +1 
_|lu+x+ 55 s pee l 
0 0 v+y —r 


Notice that r? + 1 and r? + 2r + 2 = (r + 1)? + 1 are nonzero. 
For —X = — (v + y) (2r + 1)(26 + 3) we obtain 


NE 
1+ 46 


t=(vt+y)(1+ 


which is an integer if and only if 1 + 4ó divides 5(v + y). However, this has to be 
continued with conditions on s. 

For a unit with det — —1 we also have four solutions: 
for +X = (v + y) 2r + 1)(26 — 1) we obtain t = 0. Then for +Y = (v 4- y)(2r + 1) 
we obtain 


r?° + 2r 


s=u+x+ 


and y = —1 


and for —Y = —(v + y) (2r + 1) we obtain 


r?—1 


s=u+x+ and y = 0. 
M 


vU 


The corresponding clean decompositions are 


r?+2r 
r+lu+x E Outx+ Vu E: 
uty -r 0 1 


O 1 u+x+ = 
0 0 


Notice that r? — 1 = 0 if and only if r € {+1} and r? + 2r = 0 if and only if 
r € {0,2}. 

1 

For —X = —(v +y) (2r + 1)(26 — 1) we obtain t = (v+y) | 1 + iu) which 
is an integer if and only if 1 + 46 divides v + y. Again, this has to be continued with 
conditions on s. 

Generally the relations a? + a+ uv = 0 and 8? -- xy = 0, do not imply that v +y 
divides any of r? + 1, r? — 1, r? +2r = (r-1? — 1 orr? +2r+2 = (r+1)? +1 
(recall that r = a + £), nor that 1 + 46 divides 5(v + y) (and so does not divide 
U +y). 
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Searching for a counterexample, we need integers a, 8, u, v, x, y such that o? + 
a+uv = 0 = f? +xy, and v + y does not divide any of the numbers: r? + 1, r? — 1, 
(r 4-1)? — 10r (r 4- 1)? +1. 

Further, 1 + 4ó should not divide 5(v + y) and, moreover, to cover the trivial 
idempotents, we add two other conditions. 

Since idempotents and units are clean in any ring, we must add: 


r+lu+x 


vu+ty -r 


det | ET 


(this way the nil-clean matrix is not idempotent, nor nilpotent) and 


det | zl, 


v+y -r 


Gt is not a unit, and so nor unipotent), that is ô ¢ {0, +1}. 

Notice that if r € (—2, —1, 0, 1}, then 0 appears among our two numbers (r? — 1, 
(r + 1)? — 1) and the fraction is zero (i.e., an integer). 

Since a matrix is nil-clean if and only if its transpose is nil-clean, we should have 
symmetric conditions on the corners v + y and u + x, respectively. That is why, u 4- x 
should not divide any of the numbers: r? + 1, r? — 1, (r +1)? — 1, or (r+ 1)? +1, 
and further, 1 + 46 should not divide 5(u + x). 

Further, we exclude clean decompositions which use an idempotent of type 


00 
kij’ 
In this case the unit (supposed with det = —1) should be 


r+1 u+x 
(v+y)—-k-r-1 


and if its determinant equals —1 then u + x divides r? + r. Since idempotent, 
nilpotent, unit and so nil-clean matrices have the same property when transposed, to 
the conditions above we add u + x and v + y do not divide r? + r. 

By inspection, one can see that there are no selections of u + x and v + y 
less than +7 and 9, at least for r € {2,3,...10}, which satisfy all the above 
nondivisibilities. 

Therefore v + y = —7, u + x = 9 is some kind of minimal selection. In order 
to keep numbers in the Pell equation as low as possible we choose r = 2 and so 
ô = —57. 

Indeed, our matrix verifies all these exclusion conditions: —7 and 9 do not divide 
any of r? + 1 = 3,5, (r + 1? + 1 = 8,10 nor r? +r = 6; 1 + 48 = —227 (prime 
number) does not divide 5 x (—7) = —35 nor 5 x 9 = 45, and ô ¢ (0, +1}. 
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Remark. We found this example in terms of r, ô, u + x, and v + y. It was not 
obvious how to come back to the nil-clean decomposition, that is, to a, 3, u, v, x, 
and y (indeed, this reduces to another elliptic Pell equation!). However, the following 
elementary argument showed more: there is only one solution, given by (u,v) — 
(0, —6). 

The system a + B = 2, u + x = 9, v + y = —7, o? + a + uv = 0 = 8? + xy is 
equivalent to (7u — 9v — 59) (Tu — 9v — 54) + 25uv = 0. Denote t = Tu — 9v — 59, 


hence u = ; (9v + t + 59). We obtain the equation 


t(t 4- 5) + 25uv = 0. 


Looking mod 5, it follows t = 5k, for some integer k. The equation simplifies to 
k(k + 1) + uv = 0. That is 


1 
k(k 4- 1) z (9v + 5k + 59)v = 0. 


Considering the last equation as a quadratic equation in k, we have 
TK? + (bv + 7)k + 9v? + 59v = 0. 
The discriminant of the last equation is 
A = (bv +7)? — 28(9v? + 59v) = —227v? — 1582v + 49. 


In order to have integer solutions for our last equation it is necessary A > 0 and A 
to be a perfect square. The quadratic function 


f(v) = —227v? — 1582v + 49 


1582 


has the symmetry axis of the equation Vmax = — oos 


« 0, and f(1) « 0, hence 


there are no integers v > 1 such that f(v) > 0. 

On the other hand, we have f (—7) = 0, giving k = 2, hence t = 10. Replacing in 
the equation (1) we obtain 6 — 7u = 0, equation with no integer solution. Moreover, 
we have f(v) < 0 for all v < —7. 

From the above remark, it follows that all possible integer solutions for v are —6, 

5, —4, —3, —2, —1, 0. Checking all these possibilities we obtain f(—6) = 37? and 
then k = —1. We get t = —5, and equation (1) becomes —6u = 0, hence u = 0. 
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Since both unit-regular and nil-clean rings are clean, a natural question is whether 
these two classes are somehow related. First Z3 (more generally, any domain with 
at least 3 elements) is a unit-regular ring which is not nil-clean, and, Z4 (more 
generally, any nil clean ring with nontrivial Jacobson radical) is nil-clean but not 
unit-regular. 

Finally, we give examples of nil-clean matrices in M2(Z) which are not unit- 
regular, and unit-regular matrices which are not nil-clean. 

Recall that the set of all the nontrivial nil-clean matrices in M2(Z) is 


oo ux 


la, 8,u,v,x,y € Z,o? +a +uv =0 = 8? E xy, 
uty —a-f 


and that the only nonzero unit-regular matrices with a zero second row are 


bul. 


with (a, b) unimodular (i.e., a row whose entries generate the unit ideal) [see [103]). 


2 15s ' à ; 
Hence | 0 | is unit-regular but not nil-clean (nil-clean matrices have trace equal 


to 2,1 or 0; in the first case la ] — I; is not nilpotent). Conversely, first notice that 


: f i : lb 
the nil-clean matrices with a zero second row are exactly the matrices $ | EZ. 


Being idempotent, these are also unit-regular (so not suitable). 
However, consider the nil-clean matrix (with our notations a = f = v = x = 0, 
u= 1,y= 2) 


Suppose A is unit-regular. Then, using an equivalent definition, A = EU with E = 
E? and U € GL3(Z). Since det A = —2 Z +1, A is not a unit and so E Z I5. Hence 
det E — 0 and from det A — det E - det U, we obtain a contradiction. 
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Euclidean algorithm, 10 


C Euclidean norm in R2, 43 

Cartesian plane, 33 Euler numbers, 37 

class field theory, 51 Euler's concordant forms, 4 

class of solutions, 56 exponential Diophantine relations, 3 
closed geodesic, 7 extended multiplication principle, 68 


commutative group (R?, +), 42 
commutative ring, 27 
complete lattice in R?, 41 F 


conic, 33 Fermat, 31 
conjugate, 27 Fibonacci sequence, 4, 148 
continued fraction expansion, 11 Frey curves, 5 

Fuchsian groups, 7 
D fundamental region, 7 
fundamental solution, 34 


Davis normal form, 3 i 
fundamental solution of the class, 57 


Diophantine r-representable, 146 
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G 

Gauss, 93 

general negative Pell’s equation, 57 
general Pell's equation, 1, 55, 56 
generalized Lucas sequence, 160 
generalized Pell sequence, 117 
generalized Riemann hypothesis, 62 
group of Q-rational points, 4 


H 

Hecke groups, 7 

Hecke operator, 5 

Hilbert space, 5 

Hilbert's tenth problem, 2 
homogeneous manifold, 6 
Hurwitz, 19 

hyperbola, 33 

hyperbolic plane, 7 


I 

infinite simple continued fraction, 14 
irrational number, 17 

irreducible polynomial, 1 


J 
John Wallis, 32 


K 
kth polygonal number of order n, 178 
Killing form, 6 


L 
Lagrange, 33 


Lagrange-Matthews-Mollin (LMM) method, 


$5 
Lambert, 10 
Landau-Ramanujan constant, 53 
lattice, 6 
lattice points, 33 
Lebesgue measure in R?, 41 
Legendre symbol, 47 
Legendre test, 63 
Legendre unsolvability tests, 64 
Legendre’s constant, 7 
Lucas sequence, 148 


M 

matrix form, 45 

Minkowski’s fundamental theorem, 42 
modular forms, 4 


modular group, 7 

modulo n unsolvability tests, 67 
Mordell—Weil groups, 5 
multiple Fourier coefficients, 5 
multiplication principle, 56 


N 

nth convergent to the infinite continued 
fraction, 14 

negative Pell’s equation, 46 

negative special Pell’s equation, 167 

nonholomorphic cusp forms, 5 

norms, Viii 

norms in quadratic rings, 27 


P 

parabola, 33 

Pell constant, 52 

Pell Decision Problem (PDP), 62 

Pell Search Problem (PSP), 62 

Pell sequence, 149 

Pell’s equation, 31 

Pell’s resolvent, 44 

Pell-Stevenhagen constants, 46 
perfect square, 26 

periodic simple continued fraction, 22 
plane transformation, 36 

positive special Pell's equation, 164 
powerful number, 182 

PQa algorithm, 74 

primitive Pythagorean triple, 51 
problema bovinum, 31 

projective plane, 8 

purely periodic continued fraction, 24 
Pythagorean triple, 4 


Q 

Q-torsion subgroup, 4 
quadratic Diophantine equation, 8 
quadratic equation, 22 
quadratic extensions, 7 
quadratic irrational number, 22 
quadratic nonresidue, 51 
quadratic reciprocity law, 63 
quadratic residue, 51 

quadratic rings, viii 

quadrature formula, 5 


R 
rational approximations, 17 
rational solutions, 37 
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recursive sets, 3 

recursively enumerable sets, 3 
Riemann zeta function, 182 
Riemannian metric, 6 

ring of integers, 27 


S 

s-dimensional unit cube, 5 

semisimple Lie group, 6 

simultaneous Pell’s equations, 5 

special Pell’s equation, 131 

Square Polynomial Decision Problem (SPDP), 
62 

squarefree integer, 88 


T 

tessellation, 7 

Theon of Smyrna, 9 

Thue’s theorem, 1,95 
Tonelli-Shanks algorithm, 62 
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triangular number, 32, 171 
trivial solution, 34 
Twu Ch’ung Chi, 10 


U 
unit, 27 
units of algebraic fields, 6 


V 
vector in R?, 40 


W 
William Brouncker, 32 


Z 
Zeckendorf representation, 167 
Zeckendorf's theorem, 167 


